THE (¢, k) RECTIFIABLE SUBSETS OF n SPACE

BY
HERBERT FEDERER

1. Introduction. There are many measure functions on the set of all sub-
sets of the Euclidean plane which generalize the idea of arc length in some
intuitively acceptable manner. Loosely speaking these functions are termed
linear measures. A. S. Besicovitch, A. P. Morse, and J. F. Randolph have
made an extensive study of the local geometric properties of those subsets of
the plane whose linear measure is finite. (See [MR1], [BE2], [BE3](}).)
These writers have succeeded in giving local characterizations of those sets
which lie on a eountable number of rectifiable arcs, except for a set of linear
measure zero. Such sets have been called countably ¢ rectifiable, where ¢
is the linear measure in question. It has further been shown by Besicovitch
that the local geometric properties of plane sets, and their rectifiability prop-
erties in the large, are intimately connected with the one-dimensional Le-
besgue measures of the perpendicular projections of these sets onto straight
lines in all possible directions. (See [BE3].)

Asindicated by the title, this paper attempts to generalize the above men-
tioned results to those measure functions over Euclidean # space which may
loosely be termed k-dimensional because they are intuitively reasonable ex-
tensions of the classical area of rectifiable k-dimensional surfaces. With this in
mind we frequently consider a measure ¢ over 7 space, and a subset 4 of »
spaces such that ¢(4) < « and

0 <limsupr ‘$(4d N K> <
r—0+

for ¢ almost all x in 4, where K7 is the sphere with center x and radius 7.
Among other local gometric concepts we use the notion of (¢, k) restricted-
ness. By saying that a set 4 is (¢, k) restricted at a point x, we mean roughly
that a suitable configuration of (n—k)-dimensional flat spaces through x is
relatively free of points of 4, in terms of the measure ¢ and the dimension k.
The precise definition is an immediate extension of the corresponding notion
for linear measures and plane sets. The same is true of the concept of (¢, &)
rectifiability. A set 4 is (¢, k) rectifiable if and only if ¢ almost all of 4 lies
on a countable number of rectifiable k-dimensional surfaces. The connection
between (¢, k) restrictedness, a local concept, and (¢, k) rectifiability, a prop-
erty in the large, is established by methods closely patterned after those
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which were used by Morse and Randolph for linear measures in the plane.

A ‘much more difficult problem is presented by the generalization of the
projection properties, and the associated local concepts, which Besicovitch
treated so successfully for plane measurable sets of finite Carathéodory linear
measure. It appears necessary to consider the k-dimensional Lebesgue meas-
ures of the perpendicular projections of a subset of # space into almost all
k-dimensional subspaces of # space. The phrase “almost all” in the last sen-
tence must be interpreted in terms of a suitable measure over the set of all
these subspaces which is invariant under orthogonal transformations of »
space. This leads to certain integrals with respect to the Haar measure over
the orthogonal group. With this machinery it is possible to extend all the
definitions and theorems of Besicovitch, which deal with projection proper-
ties, to k-dimensional measures over # space. The main object of this paper is
to present the solution of these problems.

This paper does not discuss the generalizations of two concepts which are
significant in the theory of linear measures, namely directionality and regu-
larity. It would be an easy matter to give a reasonable definition of the notion
of (¢, k) directionality of a set 4 at a point x and to prove its equivalence,
¢ almost everywhere, to (¢, k) restrictedness, just as for linear measures.
With regularity the state of affairs is quite different. To say that a set 4 is
(¢, k) regular at a point x should certainly mean that

0 < lims '¢(A N K7) < w.
r—0

It is still easy to prove that every (¢, k) rectifiable set is (¢, k) regular at ¢
almost all of its points; but the converse, which is known to hold for linear
measures, presents, in the general case, a difficult and as yet unsolved prob-
lem. The existing treatment for the case of linear measures depends heavily
on the proposition that every plane continuum of finite Carathéodory linear
measure is a rectifiable curve. The corresponding proposition for k-dimen-
sional measures is false. Nobeling has shown how to construct a subset of
3 space which is homeomorphic to a 2 sphere, has finite 2-dimensional Haus-
dorff measure, but is not Hausdorff 2 rectifiable; that is, this set does not lie
on a countable number of 2-dimensional rectifiable surfaces except for a sub-
set of 2 dimensional Hausdorff measure zero. (See [N2].) Hence it appears
that new geometric methods will be needed to answer the immediate questions
connected with the concept of (¢, k) regularity.

The definitions are listed in §2, and the main general results may be found
in §9. Among them is the following theorem: Let 4 be a subset of # space
whose k-dimensional Hausdorff measure is finite. Then the k-dimensional
integral geometric Favard measure of 4 does not exceed its Hausdorff meas-
ure. A necessary and sufficient condition for equality is that 4 be contained
in a countable number of rectifiable (Lipschitzian) k-dimensional surfaces,



116 HERBERT FEDERER [July

except for a subset of Hausdorff measure zero. Sherman obtained this result
in the special case where #=2 and k=1. (See [SH].)

-The complete solution of the problem of measure for non-parametric two-
dimensional surfaces in three space is given in §10 by a method which com-
bines the general results of this paper with a recently discovered ingenious
technique of Besicovitch and some previous work of the author. (See [BE5],
[F1], [F4]. |

It has been shown elsewhere that the results of this paper can be used to
prove the Gauss-Green theorem for any bounded open subset of # space
whose boundary has finite (# —1)-dimensional Hausdorff measure. (See [F3],
[F4, 4.8].)

An effort has been made to keep this paper as nearly self-contained as
possible, except for references to general measure theory. The extensive bib-
liography is not intended as a list of material preliminary to this paper, but
as a fairly complete survey of the literaturein the field of k-dimensional meas-
ures over % space.

2. Definitions.

2.1 DEeFINITION. If 4 and B are sets, then

(AnB)' (AUB)n (A - B)

are the product, union and difference of 4 and B.
If A(x) is a set for each x € F, then

lEJ A(x) = E [t € A(x) for some x € F],
zEP ¢

Q A(x) = E [t € A(%) for every x EF].
s&F ¢

If Fis a family of sets, then
oF)=Uzx =F =N 2
zEF zEF

If 0 =g(x) < « for each x in a countable set C, then

2 .8(x)
zEC

denotes the obvious nunierical sum, finite or infinite.

If f and g are functions, then (g:f) is the function % such that k(x) =g[f(x) ]
for every x.

If f is a function and S is a set, then

1*S) = @ [y = f(2) for some x € S].
If f is a function, S is a set, and y is a point, then
N(f, S, ¥
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is the number (possibly «) of points x&.S for which f(x) =y.

If f is a function and A4 is a set, then (f IA) is the function with domain
(ANdomain f) such that (f| 4)(x) =f(x) for xE(4Ndomain f).

If x is a point then

sngx=ly€[y=x]

is the (singletonic) set whose only element is x.

2.2 DEerINITION. We say ¢ is a measure over B if and only if ¢ is a function
whose domain is the set of all subsets of B and which satisfies the conditions:

(i) 0=¢(S) = » for SCB,

(ii) ¢(0)=0,

(iii) ¢(S) =¢(T) whenever SCTCB,

(iv) ¢lo(F)] =D serd(S) for every countable family F of subsets of B.

Following Carathéodory [C], we say a set S is ¢ measurable if and only
if SCB and

o(T) = ¢(TNS)+¢(T —S) whenever T C B.

If f is a ¢ measurable function and S is a ¢ measurable set, then the
(Lebesgue) integral of f relative to ¢ over the set S is denoted by

fsf(x)d¢x.

2.3 DerinNITION. Euclidean 7 space is denoted by E, and we write
x=(x1,%s -+ +,%x,) for xEE,.

xoy = Z x"y.' fOl' x G Eﬂ) y E E”'

il
| x| = (z°2)12 for x &€ E..
L is the ordinary n-dimensional Lebesgue measure over E,.
a(n) = LAE.NE[| 2| < 1]}.

The diameter of a set SCE, is denoted by
diam S.

2.4 DEFINITION. Suppose m and # are positive integers.
A function L on En to E, is said to be linear if and only if L is continuous
and

L(x+ y) = L(x) + L(y) for xE€ En, y € En.

We make no distinction between L and its matrix. The jth column
(j=1,2,:--,m) of Lis a point of E, and will be denoted by L‘. Similarly
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the sthrow (=1, 2, - - -, n) of L is a point of E,, and will be denoted by L;.
Consequently

Li= ((L’)b (L’)2’ Ty (L')n) € E,,
Li = (L), L, - -+, (Li)m) € Em,

with (L?);=(L,)jfor j=1,2,---,mand =1, 2, - - -, n. We shall use the
notation

Li= )= @y, forj=1,2,---,mandi=1,2---,m

The set of all linear functions on E,, to E, (matrices with m columns and
n rows) will be denoted by M.

We shall frequently use the following fact:

"Hf A€ M» and BE My, then (B:4)i=B(47).

If, in particular, we take m=n and 4 =1, the unit matrix in M, (the
identical transformation of E,), then the points I, I, - - -, I" are the funda-
mental base vectors of E,, and Bi=B(I?).

We further define

Izl = sop 2G|
whenever LEM ™.

2.5 DEeFINITION. If LE M then its conjugate LE M}, is defined by the
relation

I =L fori=1,2---,mandj=1,2,---,n.
Consequently

Li=1L; forj=1,2,---,mn,

L;=1L: fori=1,2,--+,m.

We shall frequently use the following relation:
(4:B); = (4:B)* = (B:4)' = B(4") = B(4.).
2.6 DEeFINITION. If AE M and k<m,r<n are positive integers, then
k
Al
is the matrix in MF such that
lhi=al fori=1,2---,randj=1,2--,k

Thus (4 |:) is the upper left-hand minor of 4 with 7 rows and k columns.
We further define

Ph=(l) fordEMLE=1,2"-,n
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(The projecting functions of [F2, 2.1] are exactly the functions P4 with 4 or-
thogonal.)

2.7 DEgFINITION. The determinant of a square matrix 4 will be denoted
by

det 4.
Now suppose LE My with k <n. Then

AQL) = {‘e;s (det A,)ﬂ} "

where x €S if and only if x is a set of & integers between 1 and #, and 4. is
the minor of L which is made up from the k& rows whose indices are elements
of x.

2.8 DEFINITION. Suppose k =# are positive integers and f is a function
on E; to E,. Then the function

If

is defined as follows: The domain of Jf is the set of all points of approximate
differentiability of f and for each such point x we let

Jf(x) = A(L)
where L is the approximate differential of f at x.
2.9 DEFINITION. We let

G,.=M:f\f[|A(x)|=|x| for x € E,]

be the set of all orthogonal transformations of n space. Then G, is a compact
topological group with respect to the operation, :, of superposition, and with
respect to the obvious topology.

Hence G, carries exactly one Haar measure, ¢,, for which ¢,(G,) =1.

In this paper the following properties of the measure ¢, will be used:

Every closed subset of G, is ¢ measurable.

If f is a ¢ measurable function on G, then

f(R)d¢.R = | f(R)d$nR,
G Gy
and SEG, implies
(S:R)d$nR = f F(R:S)d$nR = f  f(R)d#nR.
Ga G Cn

This follows from the fact that G, is compact, hence unimodular. (See
[ws].)
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2.10 DerINITION. If 2 <n are positive integers, then
8 B = [ |det (RIY| dguk.
Gy

2.11 REMARK. It is well known that

2n n—1
=22 ()
n! 2 2

and it was proved in [F4, 5.4] that

NG e

o () G

where T' has its classical meaning.

2.12 DerINITION. If % is a positive integer, then U, is the set of all meas-
ures over E,, and U, is the set of those measures ¢ €U, which have the prop-
erty that every closed subset of E, is ¢ measurable.

2.13 DeEFINITION. If 72 is a positive integer, then

M, =the set of all subsets of E,,

A, =the set of all analytic subsets of E,,

B, =the set of all Borel subsets of E,,

9. =the set of all those subsets of E, which are of type Fo,

®, =the set of all open subsets of E,,

<. =the set of all connected open subsets of E,,

€, =the set of all convex open subsets of E,,

&, =the set of all open spheres of E,.

Observe that

€. CC.CZT.CG.C9H$.CB. CUA C M.

2.14 DEFINITION. If # >0, FCIM,, and g is a function for which

0=<g(S) =< » whenever SEF,

B(n, k) =

then
En(g, F)
is the function on M, such that 4 EM, implies

{En(g, P }(4) = inf X g(S),
SE¢

nf

GEB

where GEB if and only if G is a countable subfamily of F for which
4 Co(G) and diam S <7 whenever S €G.
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In this connection we remind the reader that the infimum of the empty
set is . Hence, if B is vacuous, then {Z;(g, F)} (4) = ». Further, every
numerical sum over the empty set is zero. Hence we infer from the relation
0Ca(0) that { Ei(g, F)}(0)=0.

2.15 DeFINITION. If FCIR, and g is a function for which

0 =< g(S) = » whenever S EF,
then
En(8, F)
is the function on M, such that 4 EM, implies

{Ea(g, F)}(4) = lim {E.(g, F)}(Q).
r—0+

We observe that this limit is a number (possibly «) because

{Ehe F)}(4) = {En(e F)} (4)

whenever 7 >s5>0.

It may be shown that =,(g, F)&Uu,..

This idea for the construction of a measure, E,(g, F), from a merely non-
negative function, g, whose domain includes a given family, F, of subsets of
E,, is due to Carathéodory. (See [C], [H].) Together with his algebraic char-
acterization of measurability (see 2.2), it plays a fundamental role in measure
theory.

2.16 DeFINITION. If 2 =7 are positive .integers, then

7:(5) = Rsélgn -Ck [P;*(S)] for S E mm

£5(S) = B(n, B f C:[PES) ldénR for S € M,
Gn

X(S) = a(B)2”" (diam $)* for S € M.

2.17 REMARK. Clearly the domain of the function {} is the family of all
those sets .S for which the integrand

Li[PE©S)]

is ¢, measurable with respect to R. We shall show that this is the case when-
ever SEP, (or, more generally, whenever SEU,). For this purpose we fix
such a set S, let f be the function on the cartesian product space (E.XGn»)
to the cartesian product space (ExXG,) such that f(x, R) = [P§(x), R], and
let
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T = (Ex XG,) N B [y = Pr(%) for some z in S].
Now (SXG,) is a subset of type F, (or, more generally, analytic subset) of
thespace (E, XG,),and f isacontinuous function. Hence theset T'=f*(SXG.,)
is a subset of type F, (or, more generally, analytic subset) of the space
(ExXG,), and the characteristic function ¢ of T is measurable with respect
to the product measure of L and ¢.. It follows that

0= f f {(y, R)d.Lryd$.R
Gy Ey

- f ) Lo{PE(S)}dguR = £5(S) B(n, B).

Thus we have proved that §,Cdomain {; (or, more generally, that
A,Cdomain ¢F).
2.18 DeEeFINITION. If k<7 are positive integers, then

Su = Eu(@n xa)y  3n = Ea(Dn, x0),

Cr = En(Car va), & = En(Zn 7a)s

Ty = Z.Bu v2)s  Gr = En(Ca, £0),
Fo = Ealn, £0).

The measure (% is Carathéodory k measure over n space. (See [C].) Both
3¢, and S, were introduced by Hausdorff (see [H]). We shall, however, apply
the term Hausdorff measure exclusively to 3%, and refer to Sy, as sphere meas-
ure. The function T% is Gross measure (see [G1], [G2]), and the measure Gy
is named after Gillespie, at whose suggestion it was introduced, for the case
k=n—1, by Morse and Randolph. (See [MR2].) Finally ¥} is Favard meas-
ure (see [FA1]), and the measure ®} was introduced by the author of this
paper. (See [F1], [F2]; also note that &% was denoted by (5 in [F4].)

Only S and 3% are essentially used in this paper. The other measures are
listed here for comparison, and will be mentioned in certain supplementary
remarks. We note that the usual methods of defining the measures I} and
¥+ are different from the above, but lead to the same functions.

2.19 REMARK. Suppose k<% are positive integers.

Let U be the function on E;4 to Ej such that

U(y) = (ylo Crt yk) e Ek for y e Ek+1,
Clearly
Pr=(U:Ps") for R € Go.

Furthermore the Fubini theorem implies that
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Lr+1(T) = Lx[UXT)]-diam T

for every (k41 measurable subset T of Ek“

Consequently L [P *(S)] L [PE*(S)]-diam S for every set SEH.
(more generally, every set SEU,).

From this we infer that

1 (S) < va(S)- diam S,
e (S) < [B(n, B)/B(n, B+ 1)]-£n(S) - diam S,

for every set SE 9, (more generally, SE¥,). These inequalities are similar to
the relation x5*'(S) = [a(k+1)/2a(k)]- x5(S) -diam S, which holds for every
set SEM,.

It follows that

{EnCra" ,F) HA) = (Bl ) }(A) 1,
{En"™ )} (4) 5 [Bn, £)/Bm, &+ D] {1 F)}(A4) -1,
for AEM, and FC P, (more generally, FC,), while

En(n' F)}(A) £ [alk 4 1)/2a(k)]- { En(xn F) } (4) -7

for AEM,and FCM,.

Letting r—0 we obtain, for each set A EIM,, the results:
Se(4) < o implies Sy (4) =0,
ac,'.'(A) < » implies Gc:+l(A) =0,
C-(4) < implies C."'(4) =0,
&r(4) < o implies &, (4) =0,
P,’:(A) < o implies I‘f.“(A) =0,
g:(A) < © implies ¢+ 4) =0,
FH4) < © implies T+ (4) = 0.

Hence each of the seven sequences

Sw Sm ) Sm B Xn oo, B,

Cor Coo v Cor @y Bay e, B,

Toy Doy Ty Go G ooy G
Far Far v v 1 T

provides us with a scale of measure theoretic dimension types in the sense of
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Hausdorff (see [H]). To say that a set 4 has measure theoretic dimension ¢
mearns simply that 0 <¢(4) < «. Each of the seven scales satisfies the intui-
tive requirement that the (k4 1) dimensional measure of a setis zero whenever
its k-dimensional measure is finite. None of these scales are complete, be-
cause there are sets which do not have any of the measures of our scales as
dimension type.

Since it is possible to define a measure 3¢}, for any non-negative number ¢
just as though ¢ were an integer [the definition of a(£) can be extended to all
such ¢ in terms of the gamma function], the discrete scale 3¢}, 32, - - -, 3C3
can be extended to a continuous scale, which contains all the measures 3¢,
for- 0 =¢=<n. But even this continuous Hausdorff scale is not complete. For
instance Besicovitch asserts the existence of a set A C E; which is homeomor-
phic to a 2 cell and for which 0 < ®3(4) < o, but 3¢4(4) = » for 0=t <3 and
33(4) =0. (See [BES, Addendum].)

However the topological  dimension of a set 4 CE, is determined by a
knowledge of all the numbers 3}, ,(B), 32p11(B), * * * , 3ouy1(B) for every sub-
set B of Ezny1 which is homeomorphic to A. (See [HW, VII].)

The last property has not been proved for any but the Hausdorff scale(?).
This is one of several reasons why Hausdorff measure may be more interest-
ing than the other six functions mentioned above. However it has been shown
that each definition leads to a consistent dimension scale of its own.

Many problems which concern the relations between the various scales
are still unsolved. Some recent comments on this subject are due to Besico-
vitch. (See [BE5].)

2.20 DerFINITION. For x€E, and r >0 we denote

K.=K(x,7)=E.NE[|y— 2| <],
v
C.= C(z, 1) =E,.r\§[[y— x| < 7).
2.21 DeFINITION. If m <n are positive integers, x €E,, and R&G,, then
O (R, %) = E.NE[| y = a| =| Paly — %)|].
Further, if 7>0, then
m 2 m
On(R,n, %) = E.NE [l y—a| <@+1)"| PRty - #)]].

2.22 DEFINITION. If 2 <# are positive integers, EU,, A CE,, and x EE,,
then

(*) Added in proof. In a paper entitled Dimension and measure, which will appear in this
journal, it is shown that the connection with topological dimension is not restricted to Haus-
dorff measure, but holds for a large class of measures including all those listed here.
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556, 4, ) = a(B)” lim sup r $(4 N K2,
r—0+
06, 4, %) = a(®)™ lim inf 7 6(4 N KD,
70+
0k A, %) = a(®) lim 7 $(4N K.
r—0+

2.23 REMARK. The (upper, lower) (¢, k) densities of A at x, which were
defined in 2.22, are equal to the similar (upper, lower) limits which are ob-
tained by replacing the open spheres K by closed spheres C;.

This fact will be useful in §3.

2.24 DEerFINITION. If k<% are positive integers, ¢ EU., A CE., REG,,
0<n< 0, 0<r<x, xEE,, then

k - —k n—k
Vﬂ(¢1 A) R; 7, rr x) = a(k) l(ﬂ’) ¢[A m Oﬁ (R! 7, x) n K(x) r)]‘

2.25 DEFINITION. If k<#n are positive integers, ¢ SU,, 4 CE,, REG,,

xEE,, then
Bn(9, A, R, 2) = limsup {lim sup Va(¢, 4, R, m, 7, %)}
70+ r—0+

2.26 DEFINITION. If k<n are positive integers, ¢ EU,, ACE,, xEE,,
then W¥(¢, 4, x) is the set of all those orthogonal transformations REG, for
which

. k
lim sup Vn(¢, A, R' M, x) = o,
(2,)—(0,0)

2.27 DerINITION. If k<7 are positive integers, ACE,, xEE,, then
Va(4, %)
is the set of all those orthogonal transformations REG, for which
% is a clusterpoint of [A N D:_k(R, x)].

2.28 DEFINITION. Suppose k<n are positive integers, ¢ ESU,, ACE,,
x*EE,. Then we say

A is (¢, k) restricted at x

if and only if ®r(¢, 4, x)>0 and we can find R and 5 such that REG,,
0<n< » and

onfd, [4 N 0T (R, 1, 0)], 5} = 0.

2.29 REMARK. The proposition
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onfe, [AN O (Rom, 0], 2} =0

is equivalent to the statement that

lim Ve(é, 4, R, ¢, 7, %) = 0 for0 < e <,
r—0+

which obviously implies the relation

gi(d’» A, R, x) = 0.

2.30 DEFINITION. A function f on a subset of E; to E, is said to be Lip-
schitzian if and only if there is a number M such that

| 1) = f»)| = M| % — 5]

for every two points x and y in the domain of f.

The number M is usually called a Lipschitz constant of f.

2.31 DEFINITION. Suppose k< are positive integers, A CE,. Then we
say

A is k rectifiable

if and only if there is a Lipschitzian function whose domain is a bounded sub-
set of E; and whose range is 4.

2.32 DEFINITION. Suppose k <n are positive integers, ACE,. Then we
say

A is countably k rectifiable

if and only if there is a countable family F of k rectifiable sets such that
A=0(F).

2.33 REMARK. If Fis a finite family of k rectifiable sets, then o(F) isa k
rectifiable set.

A set 4 is countably % rectifiable if and only if there is a Lipschitzian
function whose domain is a subset of E; and whose range is 4.

The closure of every k rectifiable set is k rectifiable.

2.34 DEFINITION. Suppose k< are positive integers, ¢ U,, ACE,.
Then we say

A is (¢, k) rectifiable

if and only if corresponding to each € >0 there is a & rectifiable subset B of 4
for which ¢(4 — B) <e.

2.35 DEFINITION. Suppose k<n are positive integers, ¢ &U,, ACEq.
Then we say

A is countably (¢, k) rectifiable
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if and only if there is a countably rectifiable subset B of 4 for which
¢(4—B)=0.

2.36 REMARK. Every (¢, k) rectifiable set is countably (¢, k) rectifiable.

If p€U,, $(4) < and 4 is countably (¢, k) rectifiable, then 4 is (¢, k)
rectifiable.

2.37 DEFINITION. Suppose k<n are positive integers, ¢ ECU,, ACE..
Then we say

A is positively (¢, k) unrectifiable
if and only if ¢(4) >0 and there is no k rectifiable subset B of 4 for which
¢(B)>0.
3. (¢, k) densities. The theorems of this section are straightforward gen-

eralizations of known results. (See [MR1], [BE2], [J], [SI].) Their proofs
are given here for completeness.

3.1 Tueorewm. If ¢!, ACE,, BCE,, 0<A< », and ok(¢, 4, x) >\
for xEB, then

ASn(B) < 6(4).
Proof. We assume ¢(4) < =, and choose € >0.
Let F be the family of all sets S such that
S=C, =xEB, 0<10r<e
Mn(S) = $(4 N ).

Since F covers B in the sense of Vitali, we use [M1, 3.10] to select a dis-
jointed subfamily G of F for which

B-g¢GC U S
sExn

whenever HCG and G—H is finite.
Here S’ = C(x, 5r) whenever S=C(x, 7).
For every such H we have

A { e B0 }(B) = - { TS+ X x’.i(S')}
sE¢

sexn
= { xS +5 X x'i(S)}
sEa SEH

SeANS) +5 2 e4NS)
sSEa SEH

A

= ¢[4 N o(G)] + 56[4 N o(E))].
But ¢ [AN¢(H) ] can be made as small as we please by proper choice of H.
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Consequently
N { Enlxm @)} (B) = 64 N o(6)] = #(4),

and we let e—0 to complete the proof.

3.2 TuEOREM. If ¢EU,!, ACE,, BED,., ¢(4—B)<x, then O,
A —B, x) =0 for S% almost all x in B.

Proof. (By contradiction.) Let ¥ be the element of U,/ such that
¥(S) = (4 NS) for S C E..

Select A and X such that 0 <A< 0, X CB, S§5(X)>0and

5:(!/', E,— B,x) = Bﬁ(qb,A—B, ) >\ forx € X.
Next we use [MR1, 3.6] or [MA2, 4.10] to secure a closed subset C of
(E,— B) for which
¥(D) <AS%(X) with D= (E.— B) — C.

Since
ou(¥, En — B, 7) = 5a¥, D, %) forx € B

we may apply 3.1 to obtain the relation

ASH(X) < ¥(D),

which is false.
The proof is complete.
3.3 REMARK. Suppose ¢<EU,/, A CE,, BEBa4, (4 —B) < », and

D=E.NE[o.($ 4~ B,x)=0]

The preceding theorem assures us that
Sa(B — D) =0,

while the following five propositions hold for every xED:

(1) 6:(‘#: ANB, x) = 5:(¢: 4, x),

(2) en(¢, ANB, x)= o5, 4, %),

(3) lim sup,.os VE($, ANB, R, 7, 7, x) =lim sup,.o+ Vi(¢, 4, R, 0, 7, %)
whenever REG,and 0<n< =,

(4) &E@, ANB, R, x)=T%(¢, A, R, x) whenever REG,,

(5) (ANB) is (¢, k) restricted at x if and only if A is (¢, k) restricted at x.

3.4 REMARK. Suppose ¢ €U,/ and A CE,. Let p be the set of all rational

numbers. Then:
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(1) [p(ANKL) /a(k)rk] is lower semicontinuous with respect to (x, r).

(2) infocrcs [p(ANKE) Ja(k)r¥] is upper semicontinuous with respect to x,
for each 6>0.

(3) supocrs[@(ANKE) /a(k)r*] is lower semicontinuous with respect to x,
for each §>0.

(4) k¢, A, x) is Borel measurable with respect to x.

(5) ok(¢, A, x) is Borel measurable with respect to x.

(6) VE(@, A, R, n, 7, x) is lower semicontinuous with respect to (R, 9, r, x).

(7) SUpo<r<s V:(¢’ Ar R’ m7r, x) =SUPrCp,0<r< v:(¢’ A) Rr m7, x)

(8; SUPo<r<$,0< 1< vz(¢y A! R, 7, x) =SUPr&y,0<r<s,nEp,0< 1< v:(¢v A, R’
77 %).

(9) lim sup,.os Vi(p, 4, R, 1, 7, x) is Borel measurable with respect to
(R’ n’ x)’

(10) lim sup,mn-.0 Vi(d, 4, R, 7, 7, x) is Borel measurable with respect
to (R, x).

(11) supo<q<s lim sup,.o+ Vi(d, 4, R, 1, 7, X) =SUPycp.0<r<s lim sup,.ot
Vi, A, R, 0, 7, %).

(12) FE(¢, A, R, x) is Borel measurable with respect to (R, x).

We shall not give the proofs of these propositions, but call attention to the
following simple fact: If f and g are numerically-valued functions on the open
interval I, f is monotone, g is continuous and nonvanishing, then

su @ = su !—(2 .
te? I{0)] :eagp) I{0)]

3.5 THEOREM. IfS;(A) <, then oL (S+t, A,x) <1for S} almostall xin E,.

Proof. (By contradiction.) The statement (5) of 3.4 enables us to select A
and B such that 1 <A <@, BEY,, S$5(B)>0and 5;(Sn, 4, %) >\ forxEB.
Defining

D=BNE [on(Sn, 4 — B, x) = 0],
we infer from 3.2 that § (B — D) =0. Consequently

oist (4 — BN D), x] =0 for x € D,
5 (S ANBND, ) >\ for x € (BN D),
and 3.1 assures us that
AS.(BN D) < Sw(ANBN D),

which is false because A>1, S¥(BND) =S %(B)>0,and SE(ANBND) £§k(4)
< oo,
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3.6 THEOREM. If¢EU,, ACE,, 0<A< ©,and oi(¢, A, x) <\forxEA,
then

#(4) = 2%3e(4).

Proof. Otherwise
#(4) > 2Ne5(4)

and we can find a number § >0 and a set BCA for which
#(B) > 2"\3cH(B)

and xEB implies
o4 N C) < )\x:(C:) whenever 0 < r < 4.

Now suppose 0<e<8/35.
Choose a countable family FCI, for which BCo(F), diam S<e€ and

(SNB) 0 for SEF, and such that
3 xul(S) < 5u(B) + e
SEF
With each set SE F associate a point x(.S) €(SMNB), and note that
B C U Cl[x(S), diam S].
SEFr

Hence we may use [Ml, 3.10] to select a subfamily G of F such that
C[x(S), diam S] N C[x(T), diam T] = 0 for SEGTEG,S=T,

and
B C U C[x(S), diam S]U U C[x(S), 5 diam S]
sEeq SEH

whenever HCG and (G— H) is finite.
For every such H we have
#(B) £ X, ¢{BN C[x(S), diam S]} + X ¢{B N C[x(S), 5 diam S]}
sS€a SEH
Z x,,{C[x(S) diam S]} + 2: x,.{C[x(S) 5 diam S] }}
{ 3 xe(S) + 5 Z x,.(S)}

<x {scn(B) tets an(s)}
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By suitable choice of H it is possible to make Y _scux%(S) as small as we
please. Consequently

$(B) = \2"{30.(B) + }.
Next we let e—0 to conclude
#(B) < 225c5(B).
The proof is complete.
3.7 THEOREM. If ACE,, then oL(3ck A, x) =2-* for 3¢k almost all x in A-

Proof. In case the intersection of 4 with every closed sphere has infinite
3¢k measure, we have ©¥(3¢%, 4, x) = » for all x in E,, and the conclusion of
the theorem holds.

Hence, if the theorem failed to be true, we could find X\ and B such that
0<A<27% BCA,0<30;(B)< «,and o530, 4,x) <\for xEB.

Applying Theorem 3.6 and the relation A2¥ <1, we obtain

gen(B) < N2"3¢(B) < 3c5(B).

The proof is complete.

3.8 REMARK. If €U, ACE,, 35(4) =0 and 3¢, 4, x) < © for ¢ al-
most all x in A, then ¢(4) =0.

This proposition is a consequence of Theorem 3.6.

3.9 REMARK. Suppose the condition

Be(¢, A — B, #) < w for & almost all % in B

is satisfied in addition to the hypotheses of 3.3.
It follows from 3.8 that ¢(B—D) =0, hence

D=E,NE[ox$ A~ BN D,z =0].

This shows that B may be replaced by (BMND) in the propositions (1) to
(5) of 3.3.

4. (¢, k) restricted sets. The methods of this section are quite similar to
those of [MR1, 7].

4.1 LeMMA. If k <nare positive integers, ACE,, TEG,,0< M < «,and
4 —sngx)Co:(T, M, x) forx € A,

then the inverse relation of the function (Pﬂ A4) is a Lipschitzian function with
domain P3*(A) and range A.

Proof. If x and y are distinct points of 4, then
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2.1/2 k k
|y == <1+ M)"| Pr(y) — Pr()|.
Hence (Pﬂ A) is univalent, its inverse is a function with domain P#*(4) and
range 4, and with Lipschitz constant (14 M?%)1/2,

4.2 LEMMA. If k <nare positive integers, x CEn, REGn, TEG,, Ti=Rp—in1
fori=1,2, ...k 0<n<,then

v (Rym, x) = EaNVE[| Paly — 9)| <a| P&y — 9] ].
OuT,n s %) = EaNE[| Paly — 9)| > 1| P&y — )] ].
Proof. Since R is an orthogonal transformation we have
2 2 i g 2 k
l2l” =] R@|" = X [Rivs] = X [Ris] + X [Ts+5]
i1 i1 im1
=| Pr )| +]| Pr)|" for z € E,.

Hence the two relations

n—k

2 2, 2
ly—al" <@ +n)| Pe (v =),
k 2 2 n—k 2
| Pr(y = ®)|" <n| P& (v — )]
are equivalent, and the first statement of the lemma is proved. Similarly the
three inequalities

|y —al" <@+ Prty — 2%,
| Py — o)) <0 | Prly — 2,
| P2(y — #)| > 1| iy — 9]
are equivalent. This proves the second proposition of the lemma.

4.3 THEOREM. If

(i) k<n are positive integers,

(ii) ACE,, REG, 0<n< o,

(iii) corresponding to each xEA there is a mnumber r>0 such that
bANOFTHR, 1, x) NK;] =0,

(iv) TEG,, Ti=R,_iy1 for i=1,2, - - - | b,
then there is a countable family F for which A =a(F) and SEF implies that the
inverse relation of the function (P’;-] S) is a Lipschitzian function with domain

PF*(S) and range S.
Proof. For each positive integer m let A, be the set of all those points
xEA for which
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4N O:-k(R: My x) N K(xv m-!) =0,

and select a countable family Q. of open spheres, each with radius (2m)—1,
for which ¢(Qn) =E..
Let F be the family of all sets of the form (UNA4,) where UEQ,,and m is
a positive integer. Obviously F is countable and o(F) =4.
Now suppose x&(TNAn) =SEF.
Then y € (S —sng x) implies yE K (x, m~), hence
y & On (R, 2)

and we use Lemma 4.2 to infer
k -1
y I~ On[T» (277) ’ x]‘
This means that
(S — sng %) C OnlT, (2n)7, #] for z € .

Use of 4.1 completes the proof.
4.4 REMARK. Every set A which satisfies the conditions (i), (ii), (iii) of
Theorem 4.3 is countably k rectifiable.

4.5 THEOREM. If
(i) k<n are positive integers,
(ii) p€U,, ACE,, REG,,0<9<1,0<8< 0,0<pu< »,
(iii) VE(@, A, R, n,7,x) SuforxEA,0<r<34,
(iv) B is the set of those points of A for which
[AN o:_k(R, r, %) NK,] %0 whenever r >0,

then (A — B) is a countably k rectifiable set and

$(BN K) < (210" )ua(k)’
Jorx€EE,and 0<r<é/(14).

Proof. Suppose a EE, and 0<p<5/(14).
Define TEG, by the relation

T: =R fori=1,2,---.n
and abbreviate .
P;(x) =z, P';a_k(x) = x" for x € E,.

Let e=19/(12), X=(BNK?), and, for each point xE X, let k(x) be the
supremum of numbers of the form |y’ —x"| with



134 HERBERT FEDERER [July

yE[AN On (R, ¢ %) N KL
We use (iv) to infer that
0<hlx) 22 forx € X,

and associate with each point x&X a point

FE [AN On (R, € %) N KL]

for which 12]1‘:"—x”| >11k(x).
For each x&X we further define

Q(x) = E,.f\%? [l y - x'l < Seh(x), | y - x”| < 5h(x)],

and divide the remainder of the proof into five parts.
Part 1. If x€X, then

{Ar\Kﬁng [| ¥ = &'| <5eu(x)]} C Q).

Proof. Otherwise pick yE(AMNK}) with
l y - x’| < 5eh(x), | y' = x”l = Sh(x),
hence | (y—x)'| <e| (y—%)"| and Lemma 4.2 implies

n—k
y € On (R, €, x)'
Consequently
w > h(x) 2| " — «”| = Sh(x) >0,

which is false.
Part2. If xE€X, then

0®) C [07 (R, & 9) U 0% (R, & D]
Proof. Otherwise we could find a point y for which
|y =o' <sebx), |y —o| 24y —a"|,
|y — | za| ¥y -2,
by virtue of Lemma 4.2. From these inequalities we infer
0 < 11eh(x) < 126' x - "l = 17| & — x"l
Sal & =" +aly — | |y =& +] ¥ =7
S|a =& +2|y —a'| <el 2 —&'| + 10eh(x)
< eh(x) + 10ek(x) = 11eh(x),
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which is false.
Part 3. If x€X, then K [x', eh(x) |CK[a’, p(1+42¢)].
Proof. If yEEs, |y—#'| <eh(x), then

|y —a| | y—o| +]| & — &| <eb(x) +]| x — q
< e(2p) + p = p(1 + 2¢).
Part 4. If xEX, then
¢[4 N Q)] = 2-84)* nCH{ K[+, eh()]}.
Proof. Certainly y&Q(x) implies
|y =2 S|y =« +] 9" — 2| <5+ Vi) < 6h(=),
|y —2l s|y—a| +| =~
< 5(e+ Dax) +| « — &| +]| »” — 5|
S 6(e + Da(x) < Th(2),
because 6e=7/2<1. Hence
0(x) C {K[x, Th(x)] N K[z, Th(x)]}
with 7h(x) <14p < 8. From Part 2 we infer that

[4N0#] C {4N or (R, m %) N Kz, Th(z)]}
U {4 N on (R, n, ) N K[z, Th(x)]}
and use the condition (iii) to reach the conclusion
o[4 N Q)] = 2pa(k) [Th(x)n]*
= 2.7 (12)* pa(k) [eh(x) | = 2-(84)* nCi{ K [+, eh(2)]}.

Part5. ¢(X) =2-(10) 2 uc (k) p*.
Proof. Since

P;*(X) = U snga’ C U K[«, eh(x)],
zEX z2EX

with 2ek(x) S4ep for x€X, we may use [M1, 3.5] to obtain a subset ¥ of X
for which

Pr(X) C g K[x', 5eh(x)]
and
{K[«, eh(@) ] N Ky, eh(x)]} = 0

whenever x and y are distinct points of Y.
Next we apply Part 1 and obtain
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X=XNE[y€Pr(x)]
=XN E{y’ € U K[« Seh(x)]}
v €y

= U XNE{y €K, Seh(x)]}
Ey v

z

UXNE[ y — 2| < S5eh(a)]

zEY v
C U ANQ(w).
€Y

Combining the last relation with Parts 4 and 3 we reach the conclusion

#(X) = gyﬂA N Q)]
< 2-(84)% gyck{K[x', eh(x)]}

< 2-(84)uCi{K[d, p(1 + 29]}
= 2-(84)*- (1 + 2e)*ua(k)p*
= 2-(84)%(7/6)ua(k) p*
< 2-(10)*ua(k) p*.
4.6 THEOREM. If
(i) k <n are positive integers,

(ii) €U, ACE,, ¢(4) < =,
(iii) whenever REG,, 0<9<1, u>0 and m is a positive integer, the set

T(R, ’71 ”, m)
is defined to consist of those points x € E,, for which 0 <r<1/m implies

(2-10™) Va(d, 4, Ry 1, 7, %) S o < Oa(dy 4, 2) < ,

(iv) D is a dense subset of G, p is the set of all positive rational numbers,
p’ is the set of all positive rational numbers less than 1,
then each set of the form [ANT(R, 0, u, m)] is countably (¢, k) rectifiable, and

U U U UTRyum= U U U U TR, 9, u, m).
REQG, 0<1<l p>0 mm=l RED 2Ep' uEp mml
Proof. We suppose SEG,, 0<e<1, >0, m is a positive integer, and di-
vide the proof of the theorem into two parts.
Part 1. [ANT(S, €, u, m)] is countably (¢, k) rectifiable.
Proof. From 3.4 we see that

T(S, ¢, u, m) € B,.
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Let B be the set of those points x € T'(S, €, #, m) for which » >0 implies

[T(S, €, u, m) N\ Ou (S, r, £) N\ Ko] 5 0.

From 4.5 we infer that [T(S, €, u, m) —B] is a countably £ rectifiable set
and that

(1) Gi(# B,x)Su for x € B.

It is easy to see that, for each positive integer j, the set of all those points
xEE, for which

(TS, & u, m) N On (S, 57, 2) N K(x,§ )] = 0

is open. Hence B is the intersection of T'(S, €, #, m) with a set of type G,.
Consequently

B € 8.
It follows from 3.9 that '

Gt(d’, ANB,2) = Gf.(da, A, 2)> u for ¢ almost all x in (4 N B).

Hence (1) implies ¢(4MNB) =0.
This completes the proof of Part 1.
Part 2.

TS, e,u,m) C U U U U T(R, 9, p m).
REG,, qu' pEp Mas] ‘

Proof. Suppose x&T(S, €, u, m).
Choose g, 1, R in such a way that

/"ep, u<“<@:(¢v‘4!x)’
€0, 0<9<e ué = purk,
RED,(1+n)¥r < (1+e)¥2.(1 — ||R - S|)).
Next we check that
On (R, m, %) C On (S, ¢, 7)

by taking a point ¥ in the first set and computing:

|y -2l <+ PF 'y — )

=+ PE =9 +R= S]]y -4},
ly—« <t =||R=s7a+)"| P5 -l
<1+ Py -9
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Hence y belongs to the second set, the inclusion relation is proved, and we
infer from it that

(2-10") Vn(d, 4, R, m, 7, %) < (¢/n) (2109 V(s 4, S, ¢, 7, 2)
< (e/musu< G:(¢, A, x)
whenever 0 <7 < (1/m).

Hence xET(R, 3, u, m).
The proof is complete.

4.7 THEOREM. If

(i) k<mn are positive integers,

(ii) p€WS, ACE,, $(4) <,

(iii) corresponding to ¢ almost all x in A we can find R and 1 such that
R&G,, 0<9<1, and

lim sup Vnld, A, Ryn, 7, %) < (2:101) " 5n(e, 4, 3) < w,

then A is (¢, k) rectifiable.

Proof. Defining T(R, 7, u, m) as in 4.6, we easily check the relation

¢{A— U U U U T(R,n,y,m)} 0.
REG, 0<n<l p>0 m=1
Since the set D of 4.6 (iv) may be chosen countable, we are assured by 4.6

that 4 is countably (¢, k) rectifiable. Reference to 2.36 completes the proof.
5. (¢,k) rectifiable sets.

5.1 Lemwma. If
(i) f1is afunction on Eyto E,,
(ii) Cis a compact subset of Eg,
(iii) f s univalent on C, and continuous relative to C,
(iv) f has the nonsingular differential L at the point xEC,
(v) REG, with R;*Li=0 fori=1,2,---,n—k,and j=1,2, - -, k,
(vi) O<M< >,
then there is a number r >0 for which

n—k

() N on " [R, M, f()] N K[f(x), 7]} = 0.
Proof. Let L’ be the inverse of L and choose € such that
e>0, 0<e(lL]r—9 =+ MY
Choose 8>0 so that
|y— x| <5 implies |f(y) —f(x) = Lly —#)| S ¢| y— 2,
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which in turn implies

n—k

| P [f) — f@)]| S e|y — 2| < (| L]
1) & on " [R, M, f(x)],

because (P%*:L) is a null matrix.
The function (f| C) has a continuous inverse function g. Choose 7 >0 so
that

I—l

— 97 1) = 1@ ],

2 € {*(C©) N K[f(x),r]} implies | g(z) — z| <5,

which in turn implies
n—k

z=flgx] &€ 0 [R M, f(x)].
The proof is complete.

5.2 THEOREM. If k, m, n are positive integers, k <m, k <n, ACE,, BCE,,
0<M< »,andf1is such a function with domain A and range B that

| f(x) = f(»)| < M| x — 9| wheneverx € 4,y € 4,
then
5u(B) < M"-5en(4).

Proof. Note that [diam f*(S)] <M [diam S] whenever SC4, and apply
the definition of 3Cf.

5.3 REMARK. Saks has shown by an example (see [SS2]) that it is in gen-
eral not possible to replace 3% by Iy in the conclusion of Theorem 5.2. It
may easily be seen, by a slight modification of Saks’ example, that 7; behaves
just as badly as T, but the corresponding problem for the other-measure
functions which were defined in 2.18 is still unsolved.

5.4 COROLLARY. If B is a k rectifiable subset of E, then 3C5(B) < .

5.5 REMARK. From 5.2 it follows that Hausdorff measure is invariant un-
der isometries. This fact will later be used as follows:
Consider the % sphere

S =Ek+lm§[| x| = 1],

and the group G41 whose elements map § isometrically onto itself. The trans-
formation group Gi41 is compact, and transitive with respect to §. Hence it
is known (see [L], [W9]) that every measure ¢ over § which satisfies the
conditions:

(i) all Borel sets of § are ¢ measurable,

(ii) ¢(X)=¢[R*(X)] whenever XCS, REGrs1,

(iii) ¢(8) =5€7€+1(8 )s
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is determined for every Borel set X CS by the equation

$(X) = Fesa(X).

This implies in particular that

win(s): [  /S)bnS = [ sk

for every Borel measurable numerically valued function f on S .
5.6 REMARK. If 7 is a positive integer, then 3¢ =L
For a simple proof we refer the reader to [SD].

5.7 LEMMA. If f is a Lipschitzian function on Ey to E,, A CEy, and f has
a singular differential at each point of A, then 3¢ [f*(4)]=0.

Proof(®). We assume, without loss of generality, that L(4) < «, and let
M be a Lipschitz constant of f.

Choose 7>0.

For x€ A4, let Df(x) be the differential of f at x, and, for m=1,2,3, - - -,
define

Un(x) = |76 — f&) — [Df@)]G = 9|

<l|z-2z|<t/m Iz—x|

Since
Un(x) > 0as m — o for each x € 4,

we may use Egoroff’s theorem to select a subset C of 4 for which .Lx(4 —C)
<(n/2M*) and .
Un(x) = 0, uniformly for x € C, as m — =,

Thus f is uniformly differentiable on C. From the standard theorem on
uniform convergence it also follows that the (matrix-valued) function Df is
continuous on C.

In view of the arbitrary nature of 7, the theorem is a consequence of the

second of the two parts into which we divide the remainder of the proof.
Part1. If xEC, then

sen[f*(C N k7))
m — =
ot LKD)

Proof. Choose ¢>0. v 4
Since the matrix Df(x) is singular, we can pick an orthogonal transforma-

(*) This proof is similar to a construction given by Kolmogoroff in [K, §7]. His argument
suffers from an unfortunate inaccuracy, which can easily be avoided.
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tion REG: for which [Df(x) (R¥) =0, the zero vector of E,.
’ Next choose a number 6 >0 such that

(1) | /@ = f6) = [DF)]s = 9) | S €| 2 — 9
whenever yEC, zEE;y, |z—y| < 6, and such that
@) D7) — Df)| < €

whenever zE€C and |z—x| <.
Let g be the function on E; to E; such that

k=1
g@) = x+ 2 (z; — )R + [(z — x1)/e] R* for z € Eq,
el
andlet k=(f:g).
Observe that yEE;, 2EE; im’plies

) | 60) = g@) |2 = X (33— 2* + [x — m/els,
@ |6 —g@| s A+ ey -zl

Now suppose 0 <r<8/2. Let
F=ENE [ € CNK)],
and use (3) to check that zE F implies |z;—x,~| <rforj=1,2,...,k—1and
| 2 —x| <er. It follows that
©) Li(F) = 2Hre.
We abbreviate
L, = Df[g(s)] forz € F,
and check that yEF, zEF implies g(z) €C with |g(y) —g(z)l <2r<é; hence
(1), (2), (4), and the relation L,=Df[g(x)]=Df(x) yield the inequalities
| k) — 4@ | = | fle)] - fle(@]|
= [ Llg») — 6@]| + €| g(3) — ¢
= | L.lgy) = ¢@]] + [ {L — L.} g0) — ¢@)]] + €] 40) — 2@ |
= | Lley) = g@]| + {l|L. — L] + ¢} | e — g |
Lz{ kZl (i — s)Ri + [ — zk)/e]R”}

j=1

< +2(1+ €|y — 35|

Lz{E(yi-zf)R"}|+2(1+é)|y—zl

j=1

< (12 + 20 + 91] y — 5].
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Hence 5.2 and 5.6 imply that

sealw*(F)] = [|L]| + 21 + o1'Cu(),

and we use (5) to conclude

sarCN K] _ salr@)] _ (12 + 20 + 912
LH(K2) a(k)rt a(k)r®
ClEd A+ 20+ 9]
B (k) )

In view of the freedom with which » was chosen we have

k r
sl n k)] _ (L + 20+ 917
lim sup = - €.
NG & (k)
But € was an arbitrary positive number. Hence we may let e—0 to com-

plete the proof of Part 1.
Part2. 3E[f*(4)]<n.

Proof. Using Part 1 and the Vitali covering theorem, we select a disjointed
family F of open spheres for which

LC—a(B)] =0, Llo(F)] = 20:(0)

and SEF implies 3¢ [f*(CNS) ] < {n/[2+4L:(C) ] }.Cx(S).
We use 5.2 in checking that

sk [1*(4)] < 5[4 — C O o(B)]} + 3 {r*[C N o(F)])
< MRLi[4 — CN o(F)] + ga&[f*(cﬂ S)]
S&F

< MHL(A4 — C) + LlC — oD} + {n/[2+ 4L:(0)] }Sez; L(S)
< (/2) + {1/[2 + 4CC1}Celo(F)] < m.

The proof is complete.

5.8 THEOREM. If¢EU..,¢(4) < =, 4 is (p, k) rectifiable, and ©L(p, 4, x)
< « for ¢ almost all x in A, then A is (¢, k) restricted at ¢ almost all of its points.

Proof. Let ¢ >0.

Choose N and B such that 0 <A< o, BESB,, 5X(¢, 4, x) <\ for xEB, and
#(A—B)<e.

Next select F, f and M such that F is a compact subset of Ej, f is a func-
tionon Exto E,, 0 <M< o, |f(x) —f(y) [ éMIx—yI whenever x EEy, yE Ey,
and ¢ [4 —f*(F)]<e.
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Let D be the set of all those points of F at which the function f is differ-
entiable. Then L (F—D) =0. (See [RAD].) The set D has, by [MF, 5.1 and
3.1], an Lx measurable subset X such that f*(X)=f*(D) and f is univalent
on X. Let S be the set of those points of X at which the differential of f is
nonsingular. Let C be a closed subset of S for which .Li(S—C) <e/(2¥A M¥).

Further let

P = Enm E [Gfb(d’s A’ x) > 0]’
Q=BNMC)NP,
Z=QNE[od(4, 4 -0 2) =0]

The theorem is a consequence of the last two of the six parts into which
we divide the remainder of the argument.

Part 1. 3CE[f*(F) —f*(C) ]| <e/(2*N).
Proof. First we check that

fHE) = fHD) I f4(F — D). = f*X) Y f*F — D)
=HMOYHE = OYMX = S5V SHF - D).

Next we use the relations
LS — C) < e/(2AM*), Lx(F — D) =0,
together with 5.2 and 5.7 to infer that
Bl S — Ol <e/@N,  salF-D]=0, X -S5)]=o.
Consequently
g [f*(F) — 14C)] = /(2N + 0.

This proves Part 1.

Part 2. [ANBNf*(F)—f*(C)] <e.

Proof. Use Part 1 and Theorem 3.6.

Part 3. $[ANf*(F)—P]=0.

Proof. Since 3;[f*(F)] < , Part 3 is a consequence of Theorem 3.6.
Part4. (ANQ—2)=0.

Proof. Q& B, hence Part 4 follows from Remark 3.9.

Part 5. $(A—2Z) < 3e.

Proof. From the relation

A-2)CA4-QYVMUANQ-2)CA-B)\V[4-F)]
U [ANBNAHF) — O]V [ANfHEF) = PIUANQ ~ 2)
we conclude that
(A4 —-—2)<e+e+e+0+0.
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This proves Part 5.

Part 6. If x€Z, then A is (¢, k) restricted at x.

Proof. Certainly 3%(¢, 4, x) >0.

By 5.1 we can further select REG, and >0 such that

[(C) N Ov (R, 1, 2) N K(x, 1)] = 0,
hence
[AN o7 (R 1, 5) N K(x, 0] C [4 - (0)] C (4 - Q)
oal, AN On (R, 1,2),2] S oa(é, 4 — Q, %) =0,
The proof is complete.

5.9 THEOREM. If f is a Lipschitzian function on Ey to E, and X is an La
measurable subset of Ex, then

f NG X, ydscty = f I

=m0 [ [ WIPhi, X, slduds.R.

5.10 REMARK. Theorem 5.9 is analogous to [F2, 4.5] and [F3, 4.5], where
the measure ®} was used in place of the measure 3c%.
Keeping f and X as in 5.9, suppose ¢ €U, and consider the statements:

ORI TP fxfﬂx)wx,

%) f I = Bl B f f  N[(Phip, X, sl R.

The second proposition was proved in [F3, 4.5]. It does not involve the
measure ¢. '

From [F2, 4.5] we know that (1) holds if ¢ = ®%. (Note that &} was called
®in [F2], and (s in [F3].) The proofs given in [F2] apply also—without any
change whatever—to the cases ¢ =% and ¢ =T%.

To obtain a proof of (1) for ¢ =3¢k from our proof of (1) for ¢ = &, we
need only replace the lemma [F2, 4.4], which is used in [F2, 4.5], by the
Lemma 5.7 of this paper. )

Furthermore we may replace 3¢k in 5.7 by §%, because every set of Haus-
dorff measure zero has sphere measure zero. The remainder of the proof of
[F2, 4.5] applies to Sy just as well as to &%, T%, %, or 3Ck.

Hence (1) holds if ¢ is any one of the five measures 3%, S&, (%, &, I':.

In 5.11 to 5.13 it will be shown that the same is true for the functions

Gn and Fx.
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5.11 REMARK. If AEN,, then
i) =™ [ [ W(r, 4, 90Ciyisik
Gy, Ey
To prove this we use [F1, 2.4] and [F1, 4.1].

Choose a sequence Q of partitions of 4 such that

Q; CUn forj=1,2,3,-.-,

lim {ssup (diam S)} =0,

e \3€Qj
fim { > rf.(s)} - (4.
i~ 8EQ;
Denoting
FiR = T LlPe)] for REGnj=1,2,3--,
S€ Q;

we infer from [F1, 4.1] that

lim f;(R) = f N(Pr, A, )dLCry for R € Gy,
j—o E
fi(R) gf N(Ph, 4, 9)dLxy for REGnj=123 .
E :
Next we see that
3 {4S) = B(n, B f F{R)d$R forj=1,23,
8€ @y Gn

From these relations and from Fatou’s lemma it follows that

Fu(d) = B(m, " lim [ fi(R)dguR
jmw J g,
-1 k
’ , 4, v)dLryd¢p.R
=< B(n, k) fo,. fz,,N(PR y)d.Lxyd¢

=B8(n, B | lim f(R)dg.R
)=

Gn

S Bm B lim | f(R)d$.R
Gn

J—ro

= Fa(4).
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This completes the proof.
5.12 REMARK. If BEN: and f is a continuous function on B to E,, then

f N(f, B, z)dy',‘.z=/3(n, B f f N[(Pf;:f),B, y1d.Lrydé.R.
E, Gy Ey

It follows from [F1, 4.1] that the left integrand is an analytically measur-
able function. Let
A,~=E,.r\1‘5[N(f,B,z) =j] forj=1,2,3---,
Ae=E.NE [N(f, B,3) = »].

Whenever REG, and yE E; we have

x ) k k
N[(PR:f)’ B' y] = Z]N(PR’ AJ" y) + © 'N(PR) Aooy y)y
j=1
where « -0=0, in accordance with the usual conventions of measure theory.
From 5.11 and the last equation it follows that

NGB, DdFez = Y 5-Fald) + ® - Fa(Ay)

i=1

= Bn, B f ) ) i {Zf-N(Pi‘e, 4, 9) + ©-N(Ph 4u, y)} 4.Liydd,R
n k Ju=1

= B(n, k)" f ) f ) N[(P;:f), B, y]d.LrydenR.

The proof is complete.

5.13 REMARK. It will now be shown that the proposition (1) of 5.10 holds
for ¢ =F% and for =G,

The proof of the inequality

(1a) N, X, )ddy < f Jf(@)d L
E, x

for ¢ =% and ¢ =G} is quite similar to its proof, in [F2, 4.5], for ¢ = ®}.
The Lemma 5.7 of this paper remains true if 3¢, is replaced by 5 or by G&,
because every set of 3¢% measure zero has ¥% and G measure zero. Hence the
lemma [F2, 4.4], which is a step in the derivation of (1a) for ¢ = ®%, is true
also for ¢ = ¥y and for ¢ =G.
Next consider that portion of the proof of the lemma [F2, 4.3] which
concerns itself with the inequality

) N, 4, 3)dgy S wCi4)
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for ¢=&;. To obtain a proof of the same inequality for ¢=F% and ¢ = G¥,
we modify Part 1 of [F2, 4.3] as follows:

The open sphere & is replaced by a convex open set o’ which is defined
like this: Let

h(z) = g(x) + L(z — %) for 3 € Ey.

Whenever # and v are positive numbers, let W(u, v) be the set of all those
points of E, whose distance from thé set {(range A)NC[g.(x), u]} is less
than 9. Then

lim £ [W(1, 9] = fa{Gange 1) N Cleu(a), 11} = ah)
and we pick 9, so that
G, w] = A+ dUl)-ak),
which implies
LW (, um)] < u'(1 + €| U|)" (k) for u > 0.

Now choose a and p as in [F2, 4.3], except for taking p so small that

g‘:(a) C W(P, Pvl), .
and define

o = W(p, pr).

Then {r(a’) <pLi(e), and the remainder of the proof of (1a) for ¢ =F* and
¢ = G proceeds just like the proof of (1a) for &j.
To prove the opposite inequality

(1b) 1) NG, X, )by 2 fxfﬂx)dckx,

we choose a set BE 9, for which
BCX, [xX—-B)=0.
From 5.12 and the statement (2) of 5.10 we infer that

f N, X, 3)dgy 2 f N B, )dsy
260007 [ [ NI, B, slaLuadoR
G, Ey

- f Tf(x)dLax = f Tf(2)d.Lx,
B X
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for ¢ = ¥ and also for ¢ =G, because Gr(S) = F4(S) for every set SCEn.
This completes the proof.

5.14 THEOREM. If

(i) k<n are positive integers,

(ii) A EB., 4 is k rectifiable,
then

3a(A) = B(m, k)" f N(Pr, A, 5)dLizdé.R.
G, v E;

Proof. Select a Lipschitzian function f whose domain is a Borel set of E;
and whose range is 4. Next use [MF, 5.1] to ascertain an L measurable sub-
set B of the domain of f, such that f*(B) =4 and f is univalent on B. Then

N({f,B,y) =1 for y € E,,
N[(P3:f), B, 3] = N(Pg, 4,3)  fors € Es, R € G

Use 5.9 to complete the proof.

5.15 REMARK. The measure 3¢} may be replaced in Theorem 5.14 by any
one of the six functions SF, %, ®, I, g’,’f and J%. This is a consequence of
5.10 and 5.13.

5.16 REMARK. The equation (1) has been proved for several measures ¢
by Kolmogoroff and by Nébeling. (See [K], [N1].)

6. On differentiation.

6.1 SECTIONAL ASSUMPTIONS. Throughout §6 we fix a space S and a dis-
tance function p, which metrizes the set S. We use the notation

c(x,r)=8f\§[p(y,x)§r] forx €S, r>0.

We denote by I the class of all those measures over S relative to which all
closed subsets of S are measurable. We further assume that we are given a fixed
measure uE M, and a number N, which satisfy the regularity condition

ple(x, 57)] < Mule(z, r)] forzES,r> 0.

We also suppose that every subset of § is contained in a Borel set of

equal u measure.
6.2 REeEMARK. We shall later apply the results of this section by taking

S =EuNE[|z]=1],

p the usual metric, and pu=3Ck1.

The regularity condition, with suitable A, may be proved by the following
elementary argument:

Since congruent sets have equal 3C},; measure, we consider only spheres
with center a=(0, 0, - - -, 0, 1)ES. Define x'=(x1, %3, - + -, xi) EEy for
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x €S, and check that
(%1 — Yer1) @rp1 + Yra1) = (¥ — 2') (s + y") forxESs,yES.
Hence ka+1+yk+1| >0 implies
|""—'yll élx—yl s {1+(|x"+y'|/|xk+1+yk+1|)}|x’—y’|

Letting ¢(r)=1+4r/(1—r) for 0<r<1, we see that |x'—y'|<|x—y|
<t(r)|#’ —y’| whenever x and y are in ¢(a, r) with 0 <r<1. From 5.2 it fol-
lows that

GC;I:{C[a', rt(r)_l]} =< 5(3:.,.1 [e(a, )] = t(r)k.?c: [ca, n].
Hence 5.6 implies
—k -1 -k _k k
1(r) S alk) r ialc(a, r)] < 1)
for 0 <r <1. Consequently _
lim a(k)_lr_kdci.,.l[c(a, N]=1.
r—0+

We can therefore pick a number €¢>0 such that

e [c(a, 5] < (2-5"301 41 [e(a, n)) for0<r<e

Furthermore r = eimplies

sesale(a, 5] < 20Cen(S) S {20441(S)/%ksa[c(a, ]} 3cknale(a, 7).

Hence the required regularity condition will be satisfied if we take \ to be
the greater of the two numbers (2-5%) and {2-3C;1(S)/3k1[c(a, €)]}.
6.3 DEFINITION. For y €I and x €S we define

¥ [c(x, r)]

*Y(x) = llm su u[c(x, » ]

¥[e(x, r)]

W@ = e el
Yle(x n]

W = i kel

6.4 REMARK. If Y €N, then 6% and 6,¢ are Borel measurable functions.
To prove this, define

f'(x) = lim ‘I/[C(x, f)], g'(x) = }illl‘_ ”[C(x’ ')]y

s—or4

and let R be the set of all positive rational numbers. It is easily seen that f,
and g, are upper semicontinuous functions on §, for each >0, and that
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oY(x) = llknéf_%P [7(2)/g(®)],
s(x) = liminf [f.(x)/g.(x)].
RDr—0

6.5 LEMMA. IfYyE I, A is a Borel set, €>0,0<t< , and
dp(x) St forx € A,
then
¥(4) < tu(4)
and there is an open set U for which
ACU and (U — 4) <e.

Proof. We assume that 4 is bounded, and suppose
t<u< o,
Denote S’ =c¢(x, 5¢) whenever S=c(x, 7).

Let F be the family of all the closed spheres S for which ¥(S) Suu(S),
diam S<1, and suppose

Q=E[s"€Fl.
The theorem follows from Parts 2 and 3 below by letting u—t+.

Part 1. If B is a Borel set, BC A, and >0, then there is an open set U for
which

BCU and Y(U) = Nup(B) + 1.

Proof. Since the Borel set B is contained in an open sphere of finite u
measure, we obtain from [RM1, 3.7] an open set V for which

BCV and u(V) = u(B) + n/(\u).
Since the family
QNE[sCV]

covers B, it has, by [M1, 3.5], a disjointed subfamily G for which

BC U S
L {STe)

Letting

U = U (Interior S"),
s€Ee

we see that U is an open set for which BC U and
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Y(U) £ 2 ¥(S") S ud u(S") <un 2 u(S) = untu(V) < udu(B) + 1.
sEe¢ sEe¢ sEeg

Part 2. There is an open set U for which
ACU and ¢(U - 4)<e

Proof. From Part 1 we know that the Borel set 4 is contained in an open
set of finite Y measure. Use of [RM1, 3.7] completes the proof.

Part3. Yy(4) Sup(4)+ (u—1).

Proof. Use [RM1, 3.7] to obtain an open set V for which

ACYV and w(V) S u(4) + (4 — H/u.
Since the family
FNE[SCV]
covers A in the sense of Vitali, it has, by [M1, 4.1], a countable disjointed
subfamily G for which
p(B) =0, where B =4 — ¢(G).
It follows from Part I that ¢(B)=0, hence
WA =¢e@NA] = X US) S u X wS)
sEg¢ SEe

S up(V) < up(4) + (u — o).
6.6 LemMA. If ACS, BCS, B is a Borel set, v>0, and

BN c(x,
limsup#[—c(x—ﬂgv fora € 4

7—0+ M [c(x, 77)]
then
u(4 — B) = 0.

Proof. We assume 0 <v<1, and by 6.4 we may just as well assume that 4
is a Borel set, with u(4) < «,
Let ¢ be the element of I such that

¥(X) =u[lXN (4 - B)] for X C S.
Then x €A implies
v 4+ (%) < lim sup M + lim infﬂ[(lﬁ.1 ~ BN ez ] =1,
ot wle(x, m)] 0+ rlc(x, m)]
() <1 -0,

Since (4 —B) is a Borel set, we may apply 6.5 to infer that
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w4 —B)=y¢(4 — B) = (1 = )u(4 — B) < =,
0= — w4 — B), u(4d — B) =0.
The proof is complete.
6.7 REMARK. By methods similar to those of 6.5 one may prove the fol-
lowing theorem, which was discovered independently by Anthony P. Morse

(1940) and the author (1943).
IfyEM and

F=8NE [54(x) < =],

then
(i) Y(x) =  forx(S§ —F),
(ii) oY (x) < o« for u and Y almost all x in F,
(iii) Y(X) =¥(X — F)+ [ xnr & (x)dux for every Borel set XCS .
This is a generalization of the decomposition theorem of de la Vallée
Poussin for functions of bounded variation. (See [SS1, pp. 127 and 128].)
We neither prove nor use this result in this paper.

6.8 THEOREM. If

(i) ¥.€M for r>0,

(i) p(x, n, r) =¥.lc(x, n)]/ulc(x, )] for xES, 1>0, r>0,
(iii) TCS,0<t=1,and

lim sup {lim sup p(x, n, 7)} >t Jorx & T,
n—0+ r—0+
(iv) H=SNE [limsup p(x,9,7) = =],
Z () —(0,0)
(v) for each r>0, Y, is such a subset of S that
¢r(8 - Yr) =0,

(vi) for each positive integer n, the set Z,=Uocrc1/n Y, is the union of a Borel
set and a set of u measure zero,

(vii) Z=Np=1Zn,
then u[T— (HUZ)]=0.

Proof. For each positive integer #, and each >0, define
Otn, 7 =5 NE [39.(0) < n].

Further,forn=1,2,3, - . ., let H, be the set of those points x in § for which
there exist y, 9, r such that

yES, 0<n<1/n, 0<r<1/m,
xEcy,m), ply,nr)=n

The theorem is a consequence of the last of the nine parts into which we
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-divide the remainder of the proof.

Part 1. If c(a, u) Cc(b, v) Cc(a, Su), then

pla, u,r) S Ap(d,v,7) and p(b, v, 7) = Np(a, Su, ).
Proof. Y. [c(a, u) | S¢.[c(b, v) ] S¥.[c(a, Su)],
NMulc(a, w)] > Milc(a, 54)] = Mule(d, 9)] = Nule(a, #)] > u[c(a, 5u),
e ] _ vl 9] _ leto, 5]
wlete, )] = wled, v)] ™ wlc(a, 5u)]

This proves Part 1.
Part 2. H= n:-le
Proof. The inclusion

HC 0 H.

Nl

is evident. (Take y=x in the definition of H,.)
On the other hand, the relation

(1) * € H,
implies the existence of y, 7, r for which
2 0<9<1/n, 0<r<1/n,

yES, ax€ckn), - pynr)zn
Consequently

(3, m) C e(x, 2n) C c(y, 59),

and Part 1 implies
(3) p(x, 29, r) = n/\.

Hence (1) implies that (2) and (3) hold for some numbers 7 and 7.
Since this is true for every positive integer %, we infer

n H.CAH.
nm=1
The proof of Part 2 is complete.
Part 3. If nis a positive integer, then H, is the union of a set of type F, and
a set of p measure zero.
Proof. From the definition of H, we obtain a family F of closed spheres
for which H,=¢(F).
Now the Vitali covering theorem [M1, 4.1] yields such a countable dis-
jointed subfamily G of F that
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[¢(F) — o(G)] = 0.
But ¢(G) is a Borel set of type F,, and
- o(F) = ¢(G) Y [e(F) — o(G)].

Hence Part 3 is proved.
Part4. If 0<n=Se<o,xEc(a, ¢€), and

?(a, S¢, r=<ns P(x, n7),

then we can find a number u for which nSu =< 2e, c(x, 1) Cc(x, u) Ccla, Se),
n=p(x, u, r) Snk.

Proof. In case p(x, 5, 7) Sn\, take u=1.

Otherwise p(x, 5, #) >n\, and

V=lv'3[0<v§4e,p(x,v,r) > nA] = 0.
In this case we take # =sup V, note that

lim p(x, v,7) = p(x, 9, 7) > n)\,
-t

hence 0 <79 <u =4e, and
c(x, m) Cc(x, u) C c(a, Se).
Next we define
§ = E [o(3, %) < u]
and observe that

lim 'l’r[C(x, 'I))] = ¢r(S) = ¢,[c(x, 'u)]v

V- U—

A lim ple(x, 9)] = M(S) Z Mule(x, w/5)] > ule(s, w)],

V—th—

which we combine with the definition of # to infer that

n= (n\)/\ £ lim p{x, v, )/ < p(x, u, r).

On the other hand we have the relation

c(a, ) C c(x, v) C c(a, S¢) for 2¢ = v S 4,
and infer from Part 1 that
p(x, v, r) < Np(a, 5¢, 7) < M for 2¢ = v < 4e.
Consequ ently u=2eand

plx, u,r) = lim p(x,v,7) < M.
U4
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This completes the proof of Part 4.
Part 5. If n is a positive integer, a €S, 0<r<(1/n), 0<e<(1/5n), and
p(a, S¢,7) =n, then

¥elc(a, & — Q(n, )] £ #w\u[H. N c(a, S¢)].

Proof. Let X be the set of all those points xEc(a, €) for which there is a
number u such that « < 2e,

c(x, u) C c(a, Se), n = p(x, u, r) < n.

Also, for each x&€ X, pick such a number %, and denote it by f(x). Hence
x&E X implies

f(®) 2, clz f(®)] Celo, S0, n=plx f(a),r] < mA
Next we use Part 4 and the definition of Q(#n, 7) to infer that
[c(a, &) — Q(n, 1] C X.
On the other hand the definition of H, implies
clx, f(x)] C [H. N c(a, 5¢) ).

==X

Since f(x)/5 <e for x€X, and
XC U s fa)/5],
zEX

we may use the covering theorem [M1, 3.5] to obtain a subset X’ of X for
which

XC U cfsf=)],
2Ex/

and ¢[x, f(x)/5]N¢[y, f(¥)/5] =0 whenever x and y are distinct points of X”.
Inasmuch as

U ¢lx, /(0] C c(a, 5¢)

zEx’

and every closed sphere has positive, finite u measure, the set X’ must be
countable. Hence we compute

Wle(e, & — Q(n, ] < vu(X) < Z ¥e{clx, ()]}

= Ex’u{ cle. f@)]} = 3 wlels 1@/51}

= n)\"’,u{ EUX'C[x’ f(x)/S]} < m\%[H, N c(a, 5¢)].

This proves Part 5.
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Part 6. If nis a positive integer, €S, 0<r<(1/n), and €¢>0, then
¥:[c(a, © N Q(n, N] = nule(a, & N Z4].
Proof. We use 6.4 and 6.5 to compute:
Yele(a, € N O, 1] = ¥rlc(a, e N Z, N Q(n, 7)]
< nulc(a, N Z.NQ(n, 7)] S nulc(a, & N Z,).
Part 7. If n is a positive integer, and a T, then
) plee, N HVZ)] ¢
lim sup = .
0+ rlc(a, 1)) 2uN
Proof. Pick s>0. Use (iii) to select e such that
0<5e<s, e.< (1/5n), lim sup p(a, ¢ r) > t.
r—0+

Next pick a number r such that 0<r<(1/%), p(a, € r)>¢ Now we dis-

tinguish two cases:
If p(a, Se, r) =n, we use Parts 5 and 6 to conclude that

tulc(a, 5] < tule(a, @] < M [c(a, €]
= x{'Pr[c(a, e) - Q(”v ')] + '//,[c(a, e) N Q(”» ')]}
< Mmrulc(a, 5&) N Ha] + nulc(a, N 2.1}
< 2n\u[c(a, 5¢) N (H,\J Z,)],
[c(a, 5 N\ (H. U Z,)] !
> .
[¢(a, 5€¢)] T 20\

(M

In case, however, p(a, Se, ) >n, we have c(a, 5¢) CH,, which implies
wle(a, S&) N (H,\J Z,)] = ule(a, 501 = [¢/(260) Ju[e(a, 5],

so that (1) holds in all cases.
Since 0 <5¢<s, and s was an arbitrary positive number, the proof of Part 7

is complete.
Part 8. If n is a positive integer, then u[T—(H\JZ,)]=0.
Proof. Use Part 7, Part 3, assumption (vi), and Lemma 6.6.
Part9.u[T—(HUZ)]=0.
Proof. The relations

Hn+1CHm Zn+lczn forn = 1,2, 3, ’
imply that

(HUZ) = 1 (Ha\ Z.

n=1
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Consequently

r-@val=[r-n @uz]

ne=l

U [T - (H. U 2]

and we apply Part 8 to complete the proof.

7. On (¢, k) unrestricted sets. In this section we generalize Besicovitch’s
results on the “condensation lines” of plane sets of finite linear measure. (See
[BE3].) Many of our geometrical constructions were suggested by Besico-
vitch’s methods.

7.1 THEOREM. If

(i) A and B are sets and f is a function such that (domain f) CA, (range f)
CB,

(ii) ¢ is a measure over A,

(iii) ¥ is the function on the set of all subsets of B such that

¥(8) = ¢{E (=) € S]} for SC B,
then Y is a measure over B and every set SCB, for which the set

E [f(z) € S]

is ¢ measurable, is§ measurable.
This is a direct consequence of the definitions given in 2.2.

7.2 LeEMMA. If

(i) kB <mn are positive integers,

(ii) A €D, (more generally A EN,),

(iii) B is the set of those ordered pairs (R, x) for which RE Vi(A, x),
then B is a Borel (or, more generally, analytic) subset of the cartesian product
space (G, X E,).

Proof. For pairs (¢, j) of positive integers we define the subsets S(¢, j) of
the product space (GnXE,XE,) by the relation

SG,)= E he{aNna R HNC @ i) — K= )}

(R,z,9)
Then S(3, j) is of type F, (or, more generally, an analytic set), and so is its
projection

B(i,7) = (G X E.)) N\ E [(R, %, y) € S(4, §) for some y € E,].

(R,z)

But
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L] 0

B =0 U BG,j).

i=1 j=1
The proof is complete.
7.3 THEOREM. If
(i) k<mn are positive integers,

(i) ¢€U,), AE D, (more generally, ACU,),

(ili) a€EE,, 0<t=1, BCG,, and Fi($, A, R, a) >t for REB,
then

$u{B — [Val4, ) U W8, 4, )]} = 0.
Proof. We denote

n

0/ (R, 7) = E. N E[{ > - a)-R;]*} " < n = Bym(n — a)'Ri],

f=n—k+1

Qi (R, m) = E.N E[{ > (- a)*R.-]’} el (1 — k)Vin(x — a)-R,],

t=n—k+1
o7 (R, 1, 1) = a(k)" () " 6[4 N QF (R, ») N K],
07 (R, n,7) = a(B) " (ar) ¢4 N Q; (R, n) N K],

whenever REG,, >0,7>0, and j is an integer between 1 and (z—k). For all
such j we also define

F:' =G, N E[]im sup {lim sup p.;(R, 7, r)} =t/2(n — k)] ,
R —0+ r—0+

70+

F; =G.N E[lim sup {lim sup p; (R, m, f)} = t/2(n — k)] )
E r—0+
let %;* be the characteristic function of the set

{Ff — [Va(4, 0) N\ Wi(s, 4, 0)]},

and let %7 be the characteristic function of the set

{F] — [Va(4, ©) N\ Wa(s, 4, 9]}

It may be shown that Fj, F;j are Borel sets, and that kj, k7 are Borel
measurable functions (or, more generally, analytically measurable functions,
in case 4 is an analytic set). The outline of a proof is given in 3.4 and 7.2.

We further let I be the identity matrix in G,, and define the following
mapping on Gi41to Gy:

With each matrix SEGi41 we associate the matrix *SEG, by the relations
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*Sf=I‘j fori<n—Fkorj<mn-—k,
*S.—S:::I:ﬁ forizn—kandj=n—k,

where 7 and j are integers between 1 and #.
The remainder of the argument is divided into eight parts.
Part 1. If REG, and >0, then

n—k

On (R n, a) C U [Q: (R, 7’) Y Ql (R, 77)]

=1

Proof. The denial of this proposition implies (see 4.2) the existence of a
point x for which

n—k
0 > [e-aRE<r T [@- okl
tmn—Kk+1 ta=]
but
n 1/2
{ > = - a)'R;]z} Z (n— k)| (x — a)*R;|
t=n—k+1
for j=1, 2, - - -, n—Fk. Squaring and adding the last (z—£k) inequalities we
obtain
n—k
(2) (n — k) Z [(x—a) R:]* 2 (n — B)n2 2 [(& — a)*R;]%
t=n—Fk+1 i=1

Since (1) and (2) are contradictory, the proof of Part 1 is complete.

Part2. BCUZH(FHUFy).

Proof. The denial of this proposition implies the existence of a point REB
for which

lim sup {lim sup [o; (R, n, 7) + o (R, , 7) ]} <t/(n—k)
=0+ r—0+

forj=1,2, .-, n—k.
Using the hypothesis of the theorem, the definitions 2.24, 2.25, and Part 1,
we conclude

t < Fu(é, A, R, a)

n—k
lim sup {hm sup 3. [o7 (R, 1, 7) + p; (R, m, 7) ]}

7—0+ r—0+ 7=1

IIA

n—k

<3 lim sup {um sup Lo} (R, m, 7) + o7 (R, ,)]} <
r—0+

j=1 70+
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which is the contradiction required to prove Part 2.
Part 3. If u and v are integers between 1 and (n—k), then

b (R)d$oR = | hy (R)d$uR.
Gy Gp
Proof. (Note that # and v may be equal.) Let U be the matrix such that
U, =1I; fori = uwandi = v,

U= -1, Uy=— I,
Evidently UEG,. From 2.5 we see that REG, implies
(U:R); = R; for ¢ ## u and ¢ v,
(U:R)u = — Ry, (U:R)y = — Ry,

which in turn implies Q (R, 7) =Q; [(U:R), n], pi (R, n,7) =p; [(U:R), 0, 7],
for any two positive numbers  and 7. Hence

(1)  REF, ifandonlyif (U:R) E F,.
Furthermore
O [(U:R), o] = O[R, d],

n—k

On [(U:R), 1, a] = O [R, v, a],
for REG, and 7>0. Consequently
) RE Vi4,a) ifandonlyif (U:R) E Vi(4, a),
3) REWe, 4,0) ifandonlyif (U:R) € Wi(e, 4, a).
From (1), (2), and (3) we conclude that

ke (R) = ks (U:R) for R € G,

which we combine with the fact that ¢, is the Haar measure of .G, to obtain
the desired relation

f kE (R)dguR = f F(U:R)R = [ ho (R)itnR.
G, G, ;

Gy
Part 4. If REG,, SEGry1, 1>0, then
(*S:R); = R; fori=1,2,---,n—k—1,

k+1

(*S:R)pr = 3 SiRucicrss,

1=
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> (=0 (SRl = > [(z— a)-RJ? for & € En,

t=n—k t=n—k

Qi [(*S:R), ] is the set of all those points xE E, for which

n 1/2
{ > [(x—a)-RJz} < [(n = By + 1] (& — @)+ (S: R)ace].

t=n—k
Proof. For i1=1, 2, - - -, n—k—1 the relations
(*S:R); = R(*S.) = R(I.) = R.‘

follow from 2.5. This proves the first statement. Similarly

k+1 .
(*S:R)n—k = R(*Sn—-k) = E( Z S;In—k—l+i)

=1
1 1

= Y SiR(In-t-14) = 2 S1Rui-14i
=1 i=1

and the second equation is proved.
From the first equation we see that x € E, implies

n-k—1 n—k—1
2 - *S:R:]2 = X [(x — o) R:J%,
=1 =]

whereas

i [(x — a)* (*S:R);]? = |2 — a2,

=1

n

> -0k =z — ol

=1
because (*S:R) and R are orthogonal transformations. From the last three
equations, the third statement of Part 4 follows at once.

Now, if x is a point of either set mentioned in the fourth statement, then
clearly (x —a) * (*S: R).—+ >0. Hence we may assume this relation in the proof
of the fourth statement, which consists in checking that each inequality in
the following sequence is equivalent to the succeeding:

n 1/2
{ E [(x — a)-(*S:R);]’} < (n — k)U%q[(x — a)°(*S:R),,_k],

1=n—k+1

n

2 (@ = o) (*S:R):]* < (n — B)n2[(x — 0)* (*S: R)ni]?,

t=n—k+1

Y =@ SR < [1+ (1 — Bnt][(x — @)+ (S:R)cs],

t=n—k
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n 1/2
{ > [z — a)o(*S:R).-]Z} < [1+ (n — E)n2]Y2[(x — a)* (*S:R)nu].

t=n—k

This completes the proof of the fourth statement, and of Part 4.
Part 5. If REG, and >0, then

OFu(R, m) C on '[R, (n — B)'""n, a].
Proof. Suppose x € Q- x(R, 7). Then

> (5= a)-RJ? < (n = B[(x — 0) Ros]?

Tmn—k+1

< [(n— Bm]e 3 [(x — a) R

tmn—k

This proves Part 3.
Part 6. If REG,, then

f h:-_k(*S ‘R)d¢r1S = 0.
Grty

Proof. We fix the notations
S =Ek+1m§“3’l =1],
cyM=8NE[|z—y]=1] fors €8,9 > 0.

Let f be the function with domain

D= E,.f\g[ i [(x = a)*R;]2 > 0],

tm=n—k

and to §, such that

[(x = &) Rus, (5 = ) Ruaas - -+, (5 — 0)*Ru]
fa) = - 1,2 :
{ 2 (- o

For each >0, let
Y,=f*[ANDNK.],

and define the measure ¥, over § by the relation

¥(¥) = ${ANK.NDNE[f(x) € Y]} for ¥ CS.
We further let
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¥r [6(3’, ) ]
5c£+1 [0(3’, ) ]

T=8N E[lim sup {lim sup p(y, 7, r)} >t/2(n — k+ 1)"“'1]
Y r—0+4 '

-0+

1’()’,’7,7)= foryES,ﬂ>0sf>0:

H=S ﬂE[lim sup p(y, 1, 7) = oo],

Y

(n,7)—(0,0)
Z;= U 7, forj=1,2,3,---,
0<r<1/j
Z = n Ziv
=1
and denote
s(n) = {2 = 2[(n — k)2 + 1]~} for g > 0.

The remainder of the proof of Part 6 consists in the consideration of nine
auxiliary propositions.

FIRST PROPOSITION. If r>O0, then . is such a measure over S that every
closed subset of S is Y, measurable.

We simply combine the facts that f is continuous, every closed subset of
E. is ¢ measurable, and Theorem 7.2, to obtain a proof of the first proposition.

SECOND PROPOSITION. If j is a positive integer, then
Z; =Yy € Din (more generally, € Niy1).
First we note that
K(e,1/7) = U K(a,r),

0<r<1/j
hence, applying f*, we obtain

Yl/,‘ = U Y,- = Zj.
0<r<Y/j

Now f is continuous and the set
DN AN K(a, 1/5)
is a bounded F, (an analytic set). Consequently the set
Zi=f[DN AN K(a, 1/9)]
is an F, (an analytic set).
THIRD PROPOSITION. 3¢}, [T — (H \UZ)]=0.
Evidently
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\br(s - Yr) =0 forr > 0.

We combine this fact with the first and second propositions and 6.2 to
check that the hypotheses of 6.1 and 6.8 are satisfied. The third proposition
follows at once from Theorem 6.8.

FOURTH PROPOSITION. If SEGi41 and >0, then
0ws[(*S:R), 1] = DN E {f(x) € KISy, sm]}.
Consider the inequalities

n 1/2
(1) {Z: [<x-a)-1e..]z} < [(n = Byt + 113[(x — @)+ (S:R)cs],

t=n—k

n

(2) > [(x—a)+R]2> 0.

(3) | f(@) = $i| < s(n).

From Part 4 we know that (1) is equivalent to the statement
“¢€Qi+[(*S:R), 7],” and (2) is equivalent to the statement “xED.”

Now evidently (1) implies (2).

Hence we can prove the fourth proposition by showing that (1) and (3)
are equivalent, provided that (2) holds.

Consequently we assume (2).

We infer, from Part 4, that

(x = a)*(*S:R)psr = { Zn: [(x = a)°R.~]R,~} . { % S:Rn—k—l-)-i}

t=1 j=1
k+1

2 = - a)°Rn—k—}+i]S§

j=1

ss@l{ T - ol "

fmmn—

and, from the relation | Si| =|f(x)| =1, we see that
| fx) = $u]2 = 2[1 = S1j(@)].
Consequently (1) is equivalent to the inequalities
1< [(n = Byn? + 1]2[S1f() ],
1= [Sif(®)] < 1= [(n— B)n? + 1],
| 7@) = Si[* < bs(n ]2,

which is equivalent to (3).
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This proves the fourth proposition.

FIFTH PROPOSITION. If SEG41, then

n—k

E[f(x) S ]CcboN g, [(*S:R), al.

Use the fourth proposition and Part 4 to verify that
Elf®) =] C n DNE {f=) € KISy st}
>

= n {DNQO[(*S:R), 7]}

>0

n

cDN E{ > [(x—a)*(*S:R);]2 = o}

fmn—k41
= DN O, [(*S:R), a].

SIXTH PROPOSITION. There is a function g on S such that

Fuk(*S:R) = g(S) for § € Grir.

To prove this, we observe that kit x(*S:R) =1 or 0 according to whether
or not the following three conditions are satisfied:

€)) lim sup {lim sup p:_k[(*S:R), 7, r]} =t/2(n — k),
n—0+ r—0+
(2) @ is not a clusterpoint of {4 N D:—k [(*s:R), a]},
(3) %ln)l s(u;; a(k)” (11') ¢{A N <>?."°[(*S:R). 7, a] N K:} <
n,7)—(0,0.

Now Part 4 implies that the sets
n—k

Onk[(*S:R), ], [(*S:R),a],  on [(*S:R),n, a]

are completely determined by R, 7, r and S1. But R s fixed throughout Part 6,
and the variables “y” and “r” are bound in (1) and (3). From this the sixth
proposition follows at once.

n—k

SEVENTH PROPOSITION. If yES, then

. a(k)q v
nil»on:- sckaicly, s]} S
a(k)q

lim = 2k(n — E)H2,
ot B {oly, s(n)/2]} (=R

It is easy to verify that
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lim 5/s(n) = (n — k)~V2

-0

Furthermore it was shown in 6.2 that
lim 3cha{cly, r]}/[a(k)r ] = 1.
r—0

From these two relations the seventh propoesition follows at once.
EIGHTH PROPOSITION. If g(y) >0, then yE [T —(HUZ)].
We select SEGi41 so that y=S;. Then

Fai(*S:R) = g(y) = 1,
hence (*S:R)E F,t, and we use the seventh and fourth proposition to infer

s N K(y,
lim sup {lim sup p(y, n, r)} 2 lim sup {lim sup d [k & ”)]}
ot ot 70+ r—0+ 3k [c(y, m)]

= lim sup {lim sup WS A KIS, st }}
n—0+ r—0+4 5(3:+1 { c [y, s(n) ] }
lim sup { e lim sup ${8 N ELS, oo }}
7-0+ GC:+1{C[% s} ot a(k)r*

= (n — k)72 lim sup {lim sup pu_t[(*S:R), n, r]}
=0+ r—0+

= t/2(n — R)M*L > t/2(n — k 4 1)FHL,
Consequently y&ET.

Furthermore (*S:R)&WZ(¢, A, a), and we again use the fourth and
seventh propositions, as well as Part 5, to conclude

: : vler )] _ ¥[8 N K(S,, 20)]
lim sup p(y,7,7) = lim sup —————— < lim sup P
(m,7)(0,0) (m,7)—(0,0) :fc,,+1[c(y, n)] (my7)—(0,0) Wn+1[6(y, n)]

. v.{8 N K[Sy, s(n)]}
(o 3 icly, stny/2]}

a(k)q +
= li ik (*S:R), 1,
i s el stya] S R
s{4 N o [(*S:R), (n — )", a] N K1}

< 2¥(p — k)~*?2 lim su
( ) (q,r)—'(O,ll))) a(k)nkr*

= 2" lim sup Vf.[d:, A, (*S:R),n, 7, a] < .

(n,7)—(0,0)
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Consequently y&H.
Last we use the fact that (*S:R)& V(4, a) to prove that y&Z. Suppose,
in fact, that y&Z. Then

yE Z;i= Yy; forj=1,2,3,.--,
in virtue of the second proposition. Hence the definition of Yy,; implies the
existence of points x!, x2, x3, - - - such that
v € AN K(e, 1/7),  f&) =y =5y,
forj=1,2,3,.:-.Hence
lim x7 = a,
jow

while the fifth proposition implies
n—k

¥ € AN O, [(*S:R), a] forj=1,2,3---.

This contradicts the fact that (*S:R)&E V(4, a).
Consequently y&Z.
The proof of the eighth proposition is complete.

NINTH PROPOSITION. [g, i r(*S:R)d¢r1S=0.
Use the sixth proposition, 5.5, the eighth and the third proposition to
check that
[ Bues:Rasns = [ g(sddouas
Gk+1 Gk+1
= fsg(y)d.’}(i:.,.ly S 5C:+1[T - HYZ)]=0
This completes the proof of the ninth proposition, and of Part 6.

Part 1. [¢hitr(R)dp.R=0.
Proof. Since S&E G4 implies

bt wW(R)déR = | KIu(*S:R)d¢.R,
G Ga

we may use Part 6 to infer

f h_w(R)d¢nR = f e (*S: R)dénRddrs1S
G, G4l G,

= f i (*S: R)d¢r1Sdd.R = 0.
n Gr1

The interchange of the order of integration is justified because k- (*S: R)
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is Borel measurable with respect to (S, R) on the product space (Gi+1XGar).
Part 8. ¢.{B—[VE4, a) I Wi, 4, a)]} =0.
Proof. It follows from Part 2 that

n—k

B— [Vi(4,0) U Wa(, 4,0)] C U {F] = [Va(4, ) U Wa(s, 4, 9]}

J=1

n—k

U U {Ff = [Va(4, ) U a9, 4, )]},

j=1

and we may use the Parts 3 and 7 to conclude

n—k n—k
6B = [Vad, 0 U Waio, 4,01} = T | 5 (Rds.R+ X | 7 (RYds.R
i=1 Gy, =1 Gn

=2n—k) | Fi_i(R)d¢.R = 0.

Gn
An immediate consequence of 7.3 is the following theorem.

7.4 THEOREM. If

(i) k<n are positive integers,

(i) €Ut , AE D, (more generally, A EN,),

(iii) xEE, and B¢, A, R, x) >0 for ¢, almost all R in G,,
then

7.5 THEOREM. If

(i) k<n are positive integers,

(ii) A is a Gs subset of E,, 3x(4)=0,
(iii) aEE, and

Z=G.NE[{AN DO (R o) — snga} = 0),
then
$.(Z) = 0.
Proof. We denote
Lin(R) = ANO (R, NE[(x—a) Ry >m ],

Lim(R) = AN O (R, a) N Elx—a)-R < — m ],

whenever REG,, m is a positive integer, and j is an integer between 1 and
n—k. For all such m and j we further define

Aim = Ga N E [Lin(R) # 0],
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Ajm = Ga NV E [Lin(R) 0],

and let )\},'m and N\, be the characteristic functions of the sets Afn and Aj,.
We define I and *S, for SEGi41, as in the proof of Theorem 7.3, and di-
vide the remainder of the argument into six parts.
Part 1. ZCUp UiZE(AL\IALL.
Proof. The relation x & {ANT2*(R, a) —sng a} implies
nk n—k

0<|z—af=|Pic-a =X [=—aR],

i=1

hence
0 n—k
s€ U U [Ln(R) Lia(R)].
m=1 =1

This proves Part 1.

Part 2. If m is a positive integer and j is a positive integer between 1 and
n—Fk, then A}, is an analytic subset of Gh.

Proof. The subset

Ga X E) N E [5E Lin(R))
(R,2)
of the product space (G» X E.,) is readily seen to be of class G;. Hence its pro-
jection
AI,,, =G, N % [+ € LI,,.(R) for some x in E,]

is an analytic subset of G,.

Part 3. If u and v are integers between 1 and (n—k), and m is a positive
integer, then

f x:,m(R)d¢nR = )‘:.m(R)dd’nRo
Gn Gn
Proof. Define U as in 7.3, Part 3, and check that
Lin(R) = Lom(U:R) for R € Gh.
It follows that
Mm(R) = Mym(U:R) for R € Gh.
Consequently
f Ne.m(R)d$oR = f Mom(U:R)d$R = | Nym(R)d$nR.
n Gy Gy

Part4. If REG, and m is a positive integer, then
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f Moiem(*S: R)dpsnS = 0.
Grh
Proof. Define § and f as in 7.3, Part 6, and let
B = Af\E[ > [(x—a)* Rz > m‘{l.
* Li=n—k

The remainder of the proof of Part 4 consists in the consideration of four
auxiliary propositions.

FIRST PROPOSITION. 3¢k, [f*(B)]=0.

If x and y are points of B, then

S = ) =
| £ |
where
£= [(x - a).Rn—kr T (x - a)'Rﬂ] S Ek+1v
1=[(y = &)*Ras, -+, (y — 0)*R.] € Exp.
Consequently
Hale—1&lnl _[lal@E—mn+an]-]sD)]
| fx) = 1) | = Tl e To]
2|¢—1n|

§2m|£-—n|§2mlx—y|.

]
Therefore it follows from 5.2 that
sknlf*(B)] S (2m)"3en(B) < (2m)5ea(4) = 0.
This proves the first proposition.
SECOND PROPOSITION. There is a function F on S such that
M_im(*S:R) = F(Sy) for S € G

From 7.3, Part 4, we infer that the set Lt i »(*S:R) is completely deter-
mined by R and S;. But R is fixed throughout Part 4 of the present proof.
Hence the second proposition is established.

THIRD PROPOSITION. If F(y) >0, then yE< f*(B).
Select SEGy,41 so that y=3S1. Then

M_em(*S:R) = F(Sp) = 1,
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and we can find a point
% € Lty m(*S:R).
From 7.3, Part 4, we see that u=1, 2, - + -, k41 implies

n—k

(% = 0)* Roporsu = 2 [(& — @)+ (*S:R):][(*S: R)i* Rucioriu]
=1
k+1

[(x — a)* (*S:R)ni] 2 Sf(Rn_k_1+i‘Rn-k—1+u)

=1
=|(x — a)* (*S:R)nsi| SY,
because (x—a)* (*S:R)p-r>m=1>0.
It follows that

k+1
Z [(x - a)'Rn-—k--Hu]2 = [(x - a)'(*S:R)n—k]z > m?,

U=l

hence x €B, and that f(x) = S:.
Consequently y=S:Ef*(B).

FOURTH PROPOSITION. [¢, ,Ai=k,m(*S:R)dpr1S=0.

With the help of the first three propositions, and of 5.5, we compute

M em(*S: R)ddp1S = F(Sy)sddrsrS

Gt Gr+1
= fS F(y)dffc::ﬂy = 5clf+1 U*(B)] =0.

The proof of Part 4 is compléte.
- Part 5. If m is a positive integer, then

M_tm(R)dé.R = 0.
Gp

Proof. We use Part 2 and Part 4 to check that

M—t.m(R)dbaR =f f M m(*S:R)d$aRddrs1S
Gy Gr+1 n

= f f N m(*S: R)ddrs1SdénR = O.
'n v Grt1

Part 6. ¢,(Z)=0.
Proof. From Part 1, Part 3 and Part 5 we infer that

171
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n—k

on(Z) < }r_‘, S| DR + Nm(R)]dguR

m=1 j=1v G,

© n—k

=2 X2 Nia(R)d$.R = 0.
m=]1 jml Gy

The proof is complete.

7.6 REMARK. In the proof of 7.5 we found it necessary to make use of
the theory of analytic sets. Since it is the only essential part of the paper in
which we are at present unable to avoid this theory, it would be particularly
interesting if another, simpler proof were discovered for Theorem 7.5.

7.7 THEOREM. If

(i) k<n are positive integers,

(ii) p€Us, ACE,, $(4) <=,

(iiiy BCA, BEB,, ¢(4—B)=0,

(iv) o, 4,x)>0for xEA,
then x EE, implies

$ulVa(4,2) — Vi(B,0)] =0,  Wh(é, B, 5) = Weis, 4, %).

Proof. From (iii) and 3.3 we infer that

5:[‘#: (A - B)’ x] =0 for x € E,,
G:[da, (4 — B), z] = G:[¢, 4, z] for acf, almost all x in (4 — B).

Hence (iv) assures us that

r(A — B) = 0.

Now clearly

[Vi(4, %) = Va(B, 0] CG.NE [{(4 — B)N O(R, 2) — sng z} 0],

and the first statement of our present theorem follows from 7.5, because every
set of 3¢¥ measure zero is contained in a G; of 3¢} measure zero.

Since the second statement of our theorem is obvious, the proof is com-
plete.

8. Projection properties. We follow Besicovitch’s lead in linking the pro-
jection properties of sets with their local geometric characteristics. Again our
methods were suggested by [BE3].

8.1 LemwMma.If

(i) k<n are positive integers,

(ii) p€US, ACE,, ¢(4) <,

(ili) REG,, SEG,, Si=Rp_iy1 for i=1,2, - -k,
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(iv) B=ANE[REW;(4, 4, %)],

then ‘
L[5 (B)] = o.

Proof. Let ¥ be the function on the set of all subsets of Ej, such that

W¥) = ¢{4 N E [P5(x) € Y]} for ¥ C Eu.

From 7.1 we infer that ¢y €11/ . Hence the standard theorem on differentia- -
tion with respect to Lebesgue measure (see [SS1, 5.4] or [M1, 8.12]) assures
us that

) v[K(y, 9]
@ RS GIKG, 0]

Now suppose x EB, y = P§(x). Lemma 4.2 implies

for L almost all y in E;.

[02"(R, 7, ) N\ K(x, 0] C E [P5(s) € K(y,m)]
whenever >0, »>0. Consequently

(]

lim sup Vf»(¢9 Av R1 T x)
,n—(0,0)

lim sup K@ _ qup VK01
an-00 Lr[K(y,97)] ot Li[K(y, )]

Since y is an arbitrary point of the set P§*(B), we infer from (1) that
L:[P5*(B)] =o0.

8.2 LeMwMma. If

(i) k< are positive integers

(ii) A is an 3C; measurable subset of E,, 35(A) <x, REG,,
then

IIA

N(P5, 4; )dLey < 3u(A).
Ey

Proof. We use the notation of [F1, 2.4]. v

Let F be the family of all those subsets of 4 which are the union of a
compact set and a set of 3¢; measure zero. Let I be the identity map of E,.
It follows from 5.2 and 5.6 that

L:[PE(S)] = ea[1%(5)] for S € F.
Consequently (see [F1, 2.4])
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Ve(Ph, 4,00 < Vi(lI, 4, 3).
Hence [F1, 4.1] implies

N(Pr, A4, y)dCw < | N{, 4, z)d5cwx = 34(4).
Ey

En
The proof is complete.

8.3 LeMwMa. If
(i) k<n are positive integers,
(i) A s an 3¢ measurable subset of E,, 3cr(A) <o,

(iil) REGm SeGm S¢=Rn_.i+lf07' 1'=1’ 2’ T k’
(iv) B=ANE[RE V4, x)],
then

L:[P5(B)] =o.
Proof. From 8.2 we know that

(1) N (P;, 4,9) < = for L almost all y in E;.
Now suppose xEB, y=Ps(x). Then

O (R, %) = E [P5G) = 9],

which implies N(P§, 4, y) = .

Since y was an arbitrary point of the set P§*(B), we infer from (1) that
L:[P¥*(B)]=0.

8.4 REMARK. The Theorems 8.2 and 8.3 remain true if 3¢5 is replaced by
any ¢ €U,/ for which

#(S) = Lx[P2'(S)]  whenever S C E,, R € G
For instance ¥, (%, ®%, 'k are such measures, while 7 is not.

8.5 THEOREM. If
(1) k<mn are positive integers,
(ii) p€WNS, AE D, (more generally, AEN,), p(4) <, BEB,, BCA4,
(iii) N\>0and o4(¢, 4,x) 2\ for xEB,
(iv) ¢n{Ga—[VEA, x)\UWE(, 4, x)]} =0 for ¢ almost all x in B,
then

L [Pa(B)] = 0 for ¢n almost all R in G,.
Proof. Let

V=(G.XB)N E [REV.4,2)]

(R,2)
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W= (G.XBN E [RE Wi 4,)]
(R,z)

The sets V and W are, as indicated in 7.2 and 3.4, Borel sets (or, more gen-
erally, analytic sets) of the cartesian product space (G, XB). Hence they are
measurable with respect to the product measure of ¢, and ¢, and the Fubini
theorem applies to their characteristic functions. Since (iv) assures us that

qs,.{G,.—g[(R, ) E(VUW]l =0 for ¢ almost all x in B,

we may conclude that
¢{B — E (Roye vUW]} =0 for ¢, almost all R in G,.

Now define the matrix UEG, by the relation
Ui=I,in fore=1,2,---,mn,
where I is the identity matrix of G,, and let Z be the set of all those orthogonal
transformations REG, for which

${B—E[RE V.4, U W4 4,9]} =0.

We know that ¢,(G,—2Z) =0, and ¢, is the Haar measure of G,. Conse-

quently
$:{G. — E[(U:R) € Z]} = 0,

and we complete the proof of the theorem by verifying the following state-
ment.

STATEMENT. If (U:R)EZ, then Lx[PR*(B)]=0.
Proof. Let

Bi= BN E[(U:R) € Va(4, %)),

B:= BN E [(U:R) € Wa(#, 4, 9)],
and check that

(U:R): = E(U;) = R(Iu—t'-*-l) = Rp_in1 fori=1,2,-:-,mn.
Since ¢(B;) <, Lemma 8.1 implies
(1) Li[Pa(B)] = 0.

Next ¢(4) <=, hence (iii) and 3.1 imply 3¢i(4) <, and we use 8.3 to
conclude that

() L[ (BY] = 0.
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Finally ¢ [B — (B,\UB;)]=0, hence (iii), 3.3, 3.1 imply 3c:[B—(B,UB,)]
=0, and 8.2 assures us that
k
3) L{PR[B - (B.U B)]} =o.
Combining (1), (2), and (3), we see that the proof is complete.
8.6 REMARK. If the measure ¢ satisfies the condition
*(S) = Q[P;*(S)] whenever S C E,, R € G,,

then the hypothesis (iii) of Theorem 8.5 can be replaced by the weaker as-
sumption

6:(¢, 4,%) >0 for x € B.

Only slight changes are required in the proof. In fact our weakened as-
sumption is still sufficient, in conjunction with 3.3 and 3.1, to assure us that
3¢t[B — (B1\UB3)] =0, while the relation .Lx[P3*(B1) ] =0 follows from 8.4.

8.7 THEOREM. If
(i) k<n are positive integers,
(ii) ¢€11,.’ N A CEm ¢(A) <o y BE%».
(i) o©k(¢, 4, x) >0 for xEB,
(iv) ok(¢, 4, x) < for ¢ almost all x in B,
(v) for ¢ almost all x in B we have
Qf;(qs, A, R, x) >0 for ¢n almost all R in G,
then
L [PR(ANB)] =0  for ¢ almost all R in Gn.

Proof. For each positive integer m let

Bm = BN § [m_l § 5:(¢; A’ x) § m]t

and use 3.3 with [MR1, 3.6] to secure a set CnE D, for which CnCBn,
on(@) A — Buy2) = 0 for & € Cn.

From (iv) and 3.6 we see that $(4MNBn—Cn) =0, hence
n(dy A — Cmy 2) = 0 for x € Cm,

which implies
Gi(d), ANCnx) = m for x € Cn,
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and for ¢ almost all x in C,, we have

,®'f.(¢, Cmy R, ) >0 for ¢, almost all R in G,.
It follows from 7.4 that

$u{Gn = [Va(Cm, %) \J Wi($, Cmy 2)]} = 0

for ¢ almost all x in C,.
Hence 8.5 implies

ClPr ] =0 for ¢, almost all R in G
Letting
D=BNE[o.# 4,1 = =],
we see that ¢(D) =0, hence 35(D) =0 in virtue of 3.1.
Consequently

G ANB] £ 3 {CIPEC] + K4 (Ba — C)} + 35(D)

Me=]

il(’,k[Pi‘e*(cm)] =0

]

for ¢ almost all R in G..
The proof is complete.

8.8 THEOREM. If

(1) k<mn are positive integers,

(i) p€EU,, AEB,, ¢(4)>0,

(iii) ®k(¢, 4, x) < for ¢ almost all x in A,

(iv) Lx[PE*(A)]=0 for ¢ almost all R in G,
then A is positively (¢, k) unrectifiable.

Proof. Otherwise 4 would contain a rectifiable set BE®B, for which
¢(B)>0.

From (iv) and 5.14 we infer that 3c%(B) =0.

Hence (iii) and 3.6 imply ¢(B) =0.

The proof is complete.

8.9 THEOREM. If
(i) k<mn are positive integers,
(i) €U, ACE,, ¢(4) <=,
(ili) ®L(p, 4, x) <o for ¢ almost all x,
(iv) A is positively (¢, k) unrectifiable,
then A has a subset B for whick $(A —B) =0 and
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2k, —~1_k

lim sup Val$, 4, R, 7, 7, %) 2 (2.10) ©.(9, 4, %)

r—0+
whenever x&B, REG, and 0<9<1.

Proof. Using the notation of 4.6, we denote

C=U U U U TR um.

REG, 0<1<1 >0 m=l
From (iv) and Theorem 4.6 we infer that
$[ANTR,n,p,m] =0 forRED,nEp,u€Epm=1,23--,
hence ¢(4AMNC) =0, and that xE(4 — C) implies either
ok ~1 &

lim sup Vn(é, 4, R, n, 7, ) = (2.107) " 5a(e, 4, %)
=0+

whenever REG, and 0 <7 <1 or

6:(¢, 4,x) = =,
Consequently the set
B={(4-0) —E[ous, 4,2) = =]}

fills the requirements of the theorem.

9. Summary of the main general results. The results which are collected
in this section reflect the basic differences in the geometric properties of (¢, &)
rectifiable and unrectifiable sets.

9.1 THEOREM. If k<n are positive integers, U,/ , A CE,, ¢(4) <» and
or(d, 4, x) <o for ¢ almost all x in A, then the following four propositions are
equivalent:

(1) A is (¢, k) rectifiable,

(2) A is (¢, k) restricted at ¢ almost all of its points,

(3) corresponding to ¢ almost all x in A there is an REG, such that

Du(dr 4, R, %) = 0 < 5u(d, 4, 2),

(4) corresponding to ¢ almost all x in A we can find R and n such that REG,,
0<n<1, and

limsup V(o 4, R, n, 7, %) < (2.107) " 5%(s, 4, %).
-0+
Proof. (1) implies (2) by 5.8. (2) implies (3) by 2.29. (3) implies (4) by
2.25. (4) implies (1) by 4.7.
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9.2 THEOREM. If k <n are positive integers, CWU,!, AEB,, 0<¢p(4) <,
on(d, 4, ) >0 for xCA, and o1, A, x) <o for ¢ almost all x in A, then the
following four propositions are equivalent:

(1) A 1is positively (¢, k) unrectifiable,

(2) A4 has a subset B for which ¢(A —B) =0 and

lim sup Va(é, 4, R, 1,7, 2) Z (2.10") " 54(9, 4, 2)
70+

whenever xEB, R&G, and 0<9<1,

(3) A has a subset B for which (4 —B) =0 and xE B implies

Db, A, R, %) >0  for ¢, almost all R in G,
(4) Lx[P3*(4)]=0 for ¢ almost all R in G,.

Proof. (1) implies (2) by 8.9. (2) implies (3) by 2.25. (3) implies (4) by
8.7. (4) implies (1) by 8.8.

9.3 THEOREM. If k <n are positive integers, U, , AEB,, 0<¢p(4) <o,
A>0, Br(¢, A, ) >\ for xEA, and L, A, x) < for ¢ almost all x in A,
then the following five propositions are equivalent:

(1) A is positively (¢, k) unrectifiable,

(2) A has a subset B for which $(A —B) =0 and

lim sup Va(é, A, R, 1,7, 2) = (210" " 51(8, 4, %),
r—0+
whenever x&EB, REG, and 0<n<1,
(3) A has a subset B for which ¢(A —B) =0 and x EB implies

Bu(@ A, R, %) >0  for éa almost all R in G,
(4) $u{Ga—[VEA, x)IWE, 4, )]} =0 for ¢ almost all x in A,
(5) Lx[PF(A)]=0 for ¢, almost all R in G..

Proof. (3) implies (4) by 7.4. (4) implies (5) by 8.5.
Reference to 9.2 completes the proof.

9.4 THEOREM. If k<n are positive integers, & U, every subset of E, is
contained in a Borel set of equal ¢ measure, A is a ¢ measurable subset of E,,
0<¢p(4) <o ,A>0, or(®, 4,x) >\for xCA,and oL, 4, x) <o for ¢ almost
all x in A, then the propositions (1), (2), (3), (4), (5) of 9.3 are equivalent.

Proof. Using [MR1, 3.6] we find a set BEP, for which BCA and
¢(A —B) =30;(4—B)=0.
We use 7.7 to check that

on(¢) A, %) = 5a(6, B, 1),
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Va(é, 4, R, 0,7, 2) = Va(d, B, R, n, 1, %),
Bn(é, A, R, 2) = Bu(¢, B, R, ),
$n{Ga — [Va(4, 9) U Wi(o, 4, 2]} = ¢a{Gn — [Va(B, ) U Wi, B,®)]},
CPE()] = PR (B)],

whenever x€E,, REG,, >0, r>0.

Hence B satisfies the hypothesis of Theorem 9.3, and each of the proposi-
tions (1), (2), (3), (4), (S) of 9.3 applied to B is equivalent to the same proposi-
tion applied to A. Since these prepositions are equivalent for the set B, they
must also be equivalent for the set 4.

9.5 REMARK. If the measure ¢ satisfies the condition

#(S) = L:[Pr(S)]  whenever S C En, R € G,
then the hypothesis
oe(d, 4,8 >A> 0 forz € 4,

which occurs in 9.3 and 9.4, may be replaced by the weaker assumption

Gz(xﬁ, A4,2) >0 forx € A.
This follows from 8.6.

9.6 THEOREM. If _

(i) k<n are positive integers,

(ii) ¢ EUL, every subset of E, is contained in a Borel set of equal ¢ measure,
and ¢(S) Z.Lx[P5(S)] whenever SCE., REG,,

(iii) A is a ¢ measurable subset of E,, p(4) <,
then A can be decomposed into three ¢ measurable sets Ay, Aq, As for which

A=A1UA2UA3, Alf\A2=A2f\Ax=Aaf\A1=0,

and for which the following ten propositions hold:
(1) 0< Ba(e, 4, x) <o for xEA,,
(2) Aiis (¢, k) rectifiable,
(3) A is (¢, k) restricted at (¢, k) almost all points of A,
(4) ¢a{Ga—[VEA, x)\IWE@, 4, )]} >0 for ¢ almost all x in Ay,
(5) 0< Bi(¢, 4, x) <o for xEAs,
(6) either $(A32) =0 or A, is positively (¢, k) unrectifiable,
(7) x€A, implies

2k —1 Kk

lim sup - Va(¢, 4, R, 1, 7, %) = (2.10°) " 54(6, 4, 1),
r—0+

whenever REG, and 0<9<1,



1947] THE (¢, k) RECTIFIABLE SUBSETS OF » SPACE 181

(8) Pn{Gn—[VEA, x)UWE, 4, )]} =0 for ¢ almost all x in A,
(9) Li[PE (42)]=0 for ¢n almost all R in G,
(10) xEAsimplies that either Or(¢, A, x) =0 0r or(¢, A, %)= .

Proof. Let A, be the set of all those points x A4 for which 0 < &)(¢, 4, x)

< « and we can find R and 7 such that REG,, 0<9<1, and
lim sup Va($, 4, R, m, 7, %) < (2.107) " on(4, 4, 2).
r—0+

Let A be the set of all those points x €4 for which 0< 3X(¢, 4, x) <
and

2k —1 k
lim sup v,,(qs, A, R,n,7,%) = (210) B.(¢, 4, )
r—0+
whenever REG, and 0 <9 <1.

Let A3 be the set of all those points x4 for which either ©X(¢, 4, x) =0
or oi(p, A,x)= .

Clearly the statements (1), (5), (7) and (10) are true. The ¢ measurability
of the sets 4;, 45 and A4; is a consequence of 3.4 and 4.6.

The remainder of the proof is divided into two parts.

I. Proof of (2), (3) and (4). According to Theorem 4.6 there is a set
BE®B, for which 4;=(4NB). It follows from 3.3 and 3.9 that O%(¢, 4 —A4,, x)
=0 for ¢ almost all x in 4,. Corresponding to each such x we can find R and
n such that REG,, 0<7<1, and

2k —1

lim sup Vf»(‘ﬁ; Al’ y M7, x) < (2 10 ) 6»(¢1 AI’ x)
r—0+

Consequently 9.1 implies (2), and that 4, is (¢, k) restricted at ¢ almost all
points of 4;. Hence (3) follows at once.

Next we choose a set CEB,, for which 4 CC with ¢(C) <, and let D be
the set of all those points x for which

6{Ga — [V2(C, ) U Was, C, 0)]} =
Inferring from 3.4 and 7.2 that D is a ¢ measurable set, we select a set FE D,
for which FC(41N\D) and ¢[(4:N\D) — F]=0. Then xE F implies
ou(d, C, %) Z On(d, 4, 8) >0, ¢alGa — [Va(C, ) U Wals, C, »)]} =
Hence 8.6 assures us that
.,Q‘[P;*(F)] =0 for ¢, almost all R in G,.

Using 9.5 we conclude that F has no rectifiable subset of positive ¢ meas-
ure. Inasmuch as F is a subset of the (¢, k) rectifiable set 4, this implies
¢(F) =0. Hence ¢(4,"\D) =0 and we conclude that
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$ulGn — [Va(4,5) U Wi, 4, 9)]} Z ¢{Gn — [Va(C,2) U Wa(s, C, 2)]} >0

for ¢ almost all x in 4,. This proves (4).

I1. Proof of (6), (8), and (9). Clearly Ox(¢, A — A3, x) =0 for 3¢ and ¢
almost all x in 42. Hence (7) implies that A3 has a subset B for which ¢(4;— B)
=0 and

2k, —1 k

lim sup Va(¢, Az, R, 1, 7, 8) = (2.107) " 5u(¢, 4s, 7)
r—0+

whenever x€EB, REG,, 0<<1.
Now 9.5 implies (6), (9), and the proposition
¢n{Gn - [V:(Ah x) (Y Wfb(¢: A27 x)]} =0

for ¢ almost all x in A4,. Clearly (8) follows from the last relation.
The proof is complete.

9.7 THEOREM. If k<n are positive integers, A is an 3k measurable subset
of E,, and 3k(A) <o, then

() 2 8n B [ ) )  N(Ph, 4, 9)a0d6R = (4),

and a necessary and sufficient condition for equality is that A be (3Cy, k) rectifi-
able.

Proof. Choose 41, A; and 4; in accordance with 9.6. Then we have

5en(A1) = Fa(4y), by 5.9 and 5.11,
.7:(142) =0, by (9) of 9.6,
3en(4s) = 0, by 3.5 and 3.7.

Consequently
3ea(4) = 3n(Ar) + 5Cn(4s),
Fa(4) = Fa(4)),
3ea(4) = Fa(A) + 3ea(42).

The theorem follows immediately frem the last equation and the state-
ments (2) and (6) of 9.6.

9.8 REMARK. Theorem 9.7 was proved for the special case k=1, n=2 by
Sherman, whose treatment is based on Besicovitch’s results on the projection
properties of irregular plane sets of finite linear measure. (See [SH], [BE3].)

10. The area of nonparametric 2-dimensional surfaces. This section con-
tains the complete solution of the problem of measure for nonparametric two-
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dimensional surfaces in three space. The method is based on the general re- -
sults of the preceding section, on a recently discovered ingenious technique
of A. S. Besicovitch, and on previous work of the author. (See [BES], [F1],

[F4].)
10.1 LeMMA. If k<n are positive integers, ACEn, ¢ = Eo(xE M), then
5EW, 4, x) 227 for 3¢k almost all x in A.

Proof. Suppose B is a bounded subset of 4, 0 <A<27*, 0<§<x and

V(AN CL) < Ma(Ch

whenever x € B, 0<r <.

Now suppose 0 <e<8/5 and ¢ = E5(xs, Mn).

From the boundedness of B it follows that ¢(B) <«. In an attempt to
prove that ¢(B) =0 we assume the contrary, ¢(B) >0, recall that A2* <1, and
select a countable family FCIN, for which BCa(F), SEF implies diam S<e
and (SMB) 0, and for which

-1/2

T i(S) < (2 6(B).
SEF

Next we choose G and H as in the procf of 3.6. Since

Y(X) = ¢(X) whenever X € I, diam X < ¢,
Sdiam S <€ for S € G,

we have
#(B) £ 20 ¢{BN C|x(S), diam S]} + -2 ¢{B N C[(S), § diam S]}
sea SEH

2 v{BNC[x(S), diam S]} + 2 ¢{B N C[x(S), 5 diam S]}
sEa SEH

-1/2

$(B) +5 X x’Z(S)} .
SEH

a2t {(xz")

By suitable choice of H we can make the second term as small as we please.
Consequently 0 <¢(B) < (\2*%)2¢(B) < «, which is false.

This shows that ¢(B) =0.

Recalling the arbitrary nature of e we infer that

{E:(x:, M)} (B) =0 whenever 0 < ¢ < §/5.
Hence 3ck(B) =0.
The proof is complete.
10.2. Sectional assumptions. Throughout the remainder of §10 we fix a
continuous numerically valued function f on E, let f be the function on E.
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to E; such that f(x) = [x1, %2, f(x) | EEs for x €E,, and let 4 =range .
We denote

% = (%1, %) for x € E;, S'= U snga’ for S C Es
zES8

and define Y = Z7 (5, M), ¥’ = E5 (x5, DMy).
We further let £! and £2 be the functions on E; to E; such that

El(x) = [xl’ f(x)]v £(x) = [x2: f(x)] for x € E,,

and let 7; and 7 be the functions such that
”I(T) = N(El’ T, y)d-(‘ﬂy, ’72(T) = N(Ezr T, y)d«CZy,
E; Ey

whenever T is a subset of E; for which the integrand is .z measurable with
respect to y.

10.3 LeEMMA. If SCE;, then
¥(S) = = (diam §)-¢/(S").

Proof. Consider any decomposition of the form

For each positive integer ¢ the set
SNE [ € 4]

is contained in s(3) cylindrical sets B}, B2, - - -, Bi® such that
[sG) — 1](diam 4;) < (diam S),
(diam Bj) = 2"%(diam 4;) forj=1,2,- -+, s().
Consequently

o g(i)

¥(S) = 3 Y (x/4)(diam B’

fmm] je=l

= 3 5(i)(r/2)(diam 49"

$=1

=< (w/2) i [(diam S) + (diarh A;)](diam 4;)

t=1

=< w-(diam S) i (diam 4,).

=1
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Since the partition of S’ was arbitrary, the proof is complete.
10.4 REMARK. If S is a rectangle, then

n(S) = Hi(f, S),  m(S) = Hu(f, S),
where Hy and Hy are defined as in [SS1, p. 174].
This follows from [F1, 5.4] and [F1, 6.2, Part 2].
10.5 REMARK. If SEB,, then
n(S) S KO wS s HFO] L) s RO

If S is a rectangle, these inequalities follow from 10.4, [F1, 5.5] and
[F4, 6.14]. Applying the usual limiting processes, we see that they hold for
every Borel set S.

10.6 LEMMA. jf V and W are Borel measurable functions on E, to E,, a <b,
V(u) <W(u) for a<u<b, and

S=EN E le<u<bd V) <v< W],
then
f[ﬂ%mwmwgmmwl

Proof. By the methods of [F1, 6.2, Parts 1 and 2] it may be readily seen
that

m(s) = f (T2 rf e, 0Lt

From this and 10.5 we conclude:

W(u)

f [Tz(t:‘()u)f(u, V) ]dCw = f (T Z$‘<)u>vfd«61“+ f [Tomvf (s 9)]a.Cow
= La(S) + m(S) = 2%[F*(S)].

The following two lemmas are generalizations of recent results of A. S.
Besicovitch. (See [BES, Lemma 3].)

10.7 LEMMA. If xEE;, 0<r<w, then

VIANKE DY) S 4limint 57704 O K, 7+ 1) = Clavr = Bl
-0+

Proof. The set
[ANK(x, )]
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is a bounded open subset of E; and has a countable number of components.
Hence its closure has a countable set of components Cy, C,, Cs, - - -, that is

Closure {[A N K(z,7]'} = U C,,
=1
C;is compact and connected for each positive integer ¢, (CiM\C;) =0 whenever

1 and j are distinct positive integers.
We define

% . ] ) .
a; = inf x, by = sup x, a; = inf ax,, by = sup xe,
=0, zEC; zEC0; z2EC;
for each positive integer 1.
For each positive integer #, let 8(n) be a positive number which is less
than any of the distances between two of the sets Ci, Cy, « + +, Ca. Since

V{[ANK@E ]} = i (diam Cy),

fe=1
the lemma follows from the last of the four parts into which we divide the
remainder of the proof. _
Part 1. If i is a positive integer and y < (Boundary C:), then |F(y) —x| =7
Proof. It is easy to see that
|f(z)—x| <r forz € [AﬂK(.x, ],
|fG) — x| = » forz & [AN K(x, )]
Now yEC;CClosure { [ANK(x,7)]’}, and the first inequality assures us
that
|f9) — 2| s 7.

On the other hand ¥ is a boundary point of Closure { [ANK(x, 7)]’}, be-
cause no boundary point of a component of a set is an interior point of the
set. Hence y is a limit point of {Ez— [ANK(x, 1] }, and the second inequal-
ity implies

|f») — x| 2 7.

This proves Part 1.
Part 2. If n is a positive integer and 0 <h < 8(n), then

B (i~ o) < 2904 O KGa 7 + ) = Cla 7 = W],

Proof. Whenever i is an integer between 1 and #, and a} <% <b}, we define
Vi(u) and Wi(u) by the relations:
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V'(u‘) = sup g [(uy ‘D) S Ci’]’

Wi(w) = sup E [Tiv,of(u, 1) < k).

It may be shown that V; and W, are upper semi-continuous functions.
From Part 1 we see that |f[u, Vi(u)]—x| =r.
We may assume that 72 [ANK(x, r+k) — C(x, r—h)] < », and infer, with
the help of 10.6, that T750%,,7(u, v) =k for ., almost all » between af and b.
Furthermore V;(u) <v<W;(u) implies

|o— Viw) | < |F(w, 0) = Flu, Viw)]| S Tomvicnrf(u, §) < b < 8(n).

Hence r—h < If-(u, v) —x| <r-+h, and (u, v) does not belong to any one of the
sets Cy, Cy, - - -, Co. Consequently the relation v= V;(u#) cannot hold for any
integer j between 1 and n.

It follows that no two intervals of the form [ Vi(u), Wi(u)], [Vi(w), Wi(u)]
overlap, unless ¢=j.

Defining

Si=EN E [0 <u<by, Viu) <v< Wiu)] fori=1,2,-,n,

(u,v)
we conclude that the sets Sy, Sz, - - -, S, are disjeint and that
UF*S:) C [K(x, r + k) — C(x, r — B)].
t=1
From this and Lemma 10.6 we infer that

hzﬂ: (bi — a;) = f hdLau = Z [T:ilﬁu()u)f(u v) ]d‘C,xu =2 i 7:“-*(5:')]

T=1 i=1 1=1 t=]
= 273{ Uf*(S.‘)} < 2}'3[11 N Kz, r+ k) — C(z, r — h)].

The proof of Part 2 is complete.
Part 3. If n is a positive integer and 0 <h < &(n), then

KE (03— ) S IMAN K r 4+ 1) = Clavr + )

Part 3 can be proved exactly like Part 2.
Part 4. If n is a positive integer, then

E (diam C;) =< 4 11m mf h :73[A NK(x,r+ k) —Clz, r—h)].

t=1

Proof. From the Parts 3 and 4 we infer that 0 <k < 8(xn) implies
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> (diam C) S X (b —a) + X (b2 — az)
=l fm=] . tm=]
S U H[AN K@, r+ b)) — Clx, r — B)].
The proof is complete.
10.8 LeEMMA. If x€EE, and p>0, then

v[4 N K(z, p)] < 1655:[4 N K(x, 20)].
 Proof. Let
Ur) =¢'{[AN K@, ]} for r > 0,
V(r) = 2[4 N K(=, 7)] forr > 0.
Clearly U and V are monotone functions, and Lemma 10.7 assures us that

U(r) < 8V'(r) whenever V’(r) is a number. Hence Lemma 10.3 implies

2p 2p
v[4 N K(a, p)] < 27pU(p) < 21rf U(r)dr < 161rf V'(r)dr

< 167 [V(2p) — V(p)] < 167V (2p).
The proof is complete.
10.9 LeMMA. oi(7, 4, x) = (256m)~ for 3¢5 almost all x in A.
Proof. We use 10.8 and 10.1 to check that

—2_2

Fs[4 N K(x, 2r)]

6:(7:, A4, x) = lim sup a(k)_l(Zr)
r—0+

> lim sup a(k) " (2r) "(16x) "¥[4 N K (=, )]
r—0+

= (64m) " ouly, 4, %) = (2561)

for 3¢2 almost all x in 4.
The proof is complete.

10.10 THEOREM. If X is a rectangle, X CE,, then
3a[*(0] = HIFX].
Proof. From the definitions of 3¢ and ¥ we know that

55(S) < B3, 27 5a(S) for § C Es,
and may consequently assume that 73 [f*(X)] < «.
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Hence 10.9 and 3.1 assure us that
3G [F*(X)] < .

Following the proof of 9.7, we next select two 3C2 measurable sets 4, and
A for which

FHX) = 41U 4y, AN 4, =0,
(0] = HIFCO] + 516(42),  Falds) = 0.

Since 4, is an 32 measurable set of finite 33 measure, we can find a set
BEB; for which 4, CBCf*(X) and 3¢i(B —A4,) =0. Consequently J3(B—45)
=0 and 73(B) =0.

From 10.9 we know that

5:[?:, f*(X), 2] = (2567r)_l for 5(3: almost all x in B.
Hence 3.2 implies
G,’:(?:, B, x) = (256m) ' for :;cf almost all x in B.

Now we use 3.1 and the relation ¥3(B)=0 to conclude that 3¢3(B) =0
which implies 3¢3(42) =0.

This  completes the proof.

10.11 REeMARK. If X is a rectangle, X CE., and ¢ is any one of the six
measures 3¢5, S3, %3, ¥3, I's, G3, then

$lF*(0] = FlFX].
In case 72[f*(X)] = =, this statement follows immediately from the defini-
tion of the measure functions.
In case F2[f*(X)] <, we infer from 10.10 and 9.7 that the set f*(X) is
(32, 2) rectifiable, and the statement to be proved is a consequence of 5.15.
10.12 REMARK. If X is a rectangle, X CEs, g= (ﬂ X), and ¢ is any one of
the seven measures 3¢3, S3, %3, ®3, I's, G3, 74, then

¢(range g) = L(g) = A(g),

where . is Lebesgue area and o4 is the lower semi-centinuous area we defined
in [F4, 6.9] in terms of stable multiplicities.
This statement is an immediate consequence of 10.11 and [F4, 6.14].
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